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Some More Thoughts on Placing the Decimal 
Point in Quotients* 


By H. Van ENGEN 


Iowa State Teachers College, Cedar Falls, Iowa 


In THE February issue of THE MaTHE- 
MATICS TEACHER, Claude H. Brown has 
stated a very good argument for properly 
placing the decimal point in a quotient by 
the subtraction method.' Since this article 
presented arguments for the subtraction 
method, it might be well to state some ar- 
guments for the caret method as well as 
try to show that advocates of the caret 
method cannot necessarily be charged 
with mechanistic teaching. 

Brown says, 


One obvious objection to the scheme of al- 
ways transforming division problems in which 
the divisor is an integer is the mechanical nature 
of the process.* 


Again, 
Probably the most significant factor in de- 


* The subtraction method was formerly used 
in nearly all texts. Perhaps the most serious 
fault of this method was the very common error 
of not annexing zeros to the dividend, an in- 
correct answer resulting. Now practically all 
texts use some form of the caret method. It is 
highly desirable that one uniform method be 
used in all schools. Practically all experts in 
arithmetic favor the caret method.—Editor. 

‘Brown, Claude H., Some Thoughts on 
Placing the Decimal Point in Quotients, Tue 
Maruematics Teacner, XXXVIII: 78-80, 
February, 1945. Since this paper was written 
Dr. J. T. Johnson of the Chicago Teachers 
College has commented on Dr. Brown’s pro- 
posals for placing the decimal point in quotients. 
= THe MarTuHematicaAL TEACHER for May 

45, 
* Ibid, page 79. 
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termining the choice of a method for locating the 
decimal point in division is the conception of 
the nature and educative function of arith- 
metic held by the individual making the choice. 
If arithmetic is to be taught merely for its 
utilitarian values, if the only educational pur- 
pose to be served by the teaching of arithmetic 
is that of developing in the individual the abil- 
ity to compute with reasonable speed and ac- 
curacy, if an understanding of a given process is 
not essential, then use of a purely mechanical 
procedure like the caret method may be per- 
missible.* 

Some proponents of the caret method 
would take issue with the above statement 
“dubbing” the caret method as ‘‘a purely 
mechanical procedure.” Those teachers 
who wish to make the educative process 
one of developing basic relationships and 
understandings can point out that it is 
merely a question of which one of two very 
basic mathematical principles are to be 
used as a basis for pupils placing the deci- 
mal point. Professor Brown wants to make 
the concept of inverse operations the basis. 
The concept of inverse operations in 
arithmetic should be developed but not 
necessarily as applied to placing the deci- 
mal point in a quotient. Proponents for the 
caret method base their case on another 
very important concept in mathematics, 
namely, the concept of ratio. More spe- 
cifically, they can base their argument on 
the principle that any two terms in a ratio 
may be multiplied by the same number 


* Id, page 80, 
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without changing the value of the ratio. 
Of course the term “ratio”? would not be 
used in a sixth grade, however, the teacher 
can develop this understanding using the 
terminology of fractions. Later on, the ap- 
plication of this principle can be trans- 
ferred to the concept of ratio. 

Briefly, here is a sound basis for the 
caret method. The teacher can recall for 
the class that while studying fractions 
such expressions as 6/3 were interpreted 
to mean 3)6. In fact, this will be done by 
any teacher interested in developing the 
interrelationships between two mathe- 
matical processes and, for the sake of an 
argument, the groups advocating the dif- 
ferent methods, will have to consider only 
those teachers in the two “camps’’ in- 
terested in developing these relationships. 
The next step in developing an under- 
standing of the caret method would be the 
intuitive development of the principle 
that the numerator and denominator of a 
fraction may be multiplied by the same 
number (not zero, of course, although this 
is not mentioned in a sixth grade class) 
without changing the value of the frac- 
tion. After having developed this prin- 
ciple while teaching fractions, the next 
step in teaching the caret method is ob- 
vious, namely, 3.5)17.5 is the same as 
17.5/3.5= 175/35. Hence, to find the an- 
swer to 3.5)17.5 it is easier to work 35)175 
or 


3.5A)17.5A 


This, of course, is the teaching procedure 
stripped of all details so essential in any 
good teaching process. 

Certainly the proponents of the sub- 
traction method cannot argue that this 
principle and the interrelationships of the 
symbolisms advocated above are not im- 
portant for a well-rounded understanding 
of the mathematical processes. If this is 
conceded, the argument then reduces to a 
question as to which of two important 
mathematical processes are to be empha- 
sized in the teaching of the placement of 
the decimal point in the quotient. In con- 
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sidering the values of each method, it 
should be observed that the caret method 
approached as outlined above, gives the 
teacher an opportunity to (1) develop an 
understanding of the relatedness of deci- 
mal and common fraction notations, (2) 
develop a background which will be very 
useful when the topic of ratio is to be con- 
sidered in later years, and (3) use a prin- 
ciple very essential to an adequate under- 
standing of common fractions. The argu- 
ments for the subtraction method are 
given in the article under discussion. 

It would seem then that granted a 
teacher is interested in developing the in- 
terrelationships of the mathematical 
processes, each method has a very sound 
educational basis. To teachers inclined to 
be mechanical both methods will be taught 
mechanistically and hence lose much of 
their educative value. 

Brown also states, 

Furthermore, the caret method is accurate 
only if the figures in the quotient are placed 
directly over the proper digits in the dividend. 
This implies a degree of precision in writing 
figures which is difficult to obtain when the 
pupil is striving for speed for when his attention 


is centered on the conditions of his problem and 
not on the computation process.‘ 


There are two replies to this argument. 
(1) There is common agreement among 
Morton, Taylor,* Wheat,’ and Wilson,* 
that placing the figures in the quotient 
directly over the proper digits in the divi- 
dend is advisable when beginning the 
study of long division. (2) Considering the 
frequency with which long division is used 
in out-of-school situations by a large per 
cent of the school population, it is ques- 


4 Tbid, page 79. 

§’ Morton, R. L., Teaching Arithmetic in The 
Elementary School, Chicago, Silver Burdette & 
Co., 1938. Vol. I, p. 297. 

* Taylor, E. H., Arithmetic for Teacher- 
Training Classes, New York, Henry Holt & 
Co., 1937. p. 92. 

7 Wheat, H. Q., The Psychology and Teaching 
of Arithmetic, New York, D. C. Heath & Co., 
1937, p. 325. 

* Wilson, Guy M. Stone, Mildred B., and 
Dalrymple, Charles L., Teaching the New 


Arithmetic, New York, The McGraw-Hill Book 
Co., 1939, p. 167. 
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tionable whether a high degree of speed 
should be one of our objectives in teaching 
long division. In fact, it may be questioned 
whether a high degree of speed in long 
division (and this applies to long division 
only) is so essential even for those who 
continue their study of mathematics in 
the high schoo! and college. To get a cor- 
rect answer within reasonable time limits 
should be sufficient for the most part. 

To sum up the argument, it would seem 
that the difference is so far as the mathe- 
matical foundations are concerned re- 
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duces to a choice, on the part of the 
teacher, as to which mathematical prin- 
ciple is to be brought to the forefront while 
developing an adequate understanding of 
division exercises involving decimal frac- 
tions. Considering these facts, many 
teachers will probably continue to dis- 
agree with Brown’s conclusion, which is 
Hence, as these facts indicate, the subtrac- 
tion method of locating the decimal point in 
quotients is preferable and should therefore be 


taught either in addition to, or instead of, the 
caret method.® 


* Ibid, p. 80. 
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A Method of Self-Instruction for Learning the 
Thirty-Six Addition Combinations with Sums 
from Eleven to Eighteen and Their 
Corresponding Subtraction 
Facts in Grade Il 


By D. Banks WILBURN 
Towa State Teachers College, Cedar Falls, Iowa 


In AN earlier article,! the writer raised 
the question whether pupils in the pri- 
mary grades are able to learn the facts of 
arithmetic largely by their own efforts. He 
reported a partial answer in a description 
of the successes of seventy-two pupils in 
Grade I with a method of self-instruction 
for learning the forty-five easier addition 
and subtraction combinations. These 
pupils learned the combinations through 
the study of groups. Three methods for 
studying groups were employed, namely, 
counting groups, comparing groups, and 
the analysis and synthesis of groups. 

The present article describes the 
achievements of sixty-four pupils with a 
method of self-instruction for learning the 
thirty-six addition combinations with 
sums from eleven to eighteen and their 
corresponding subtraction facts in Grade 
II. These pupils were enrolled in ten one- 
teacher and four two-teacher schools for 
the school year, 1940-41 in Berkeley 
County, West Virginia. As mentioned 
above, they learned their arithmetic in 
Grade I by methods of self-instruction. In 
Grade II, they attempted to learn an ap- 
propriate course of arithmetic by similar 
methods. Herein certain preliminary prep- 
arations and the teaching procedures 
which were employed to assist the pupils 
in learning one part of the instructional 
program as prescribed for Grade II are de- 
tailed. 


1D. Banks Wilburn, “‘A Method of Self- 
Instruction for Learning the Easier Addition and 
Subtraction Combinations in Grade I,” Ele- 
mentary School Journal, XLII (January, 1942), 
371-380. 


PRELIMINARY PREPARATIONS 


In order that the reader may view the 
content of the teaching program for 
Grade II as a series of interrelated learning 
activities, it seems appropriate to de- 
scribe briefly the treatment of the content 
which was presented before the pupils at- 
tempted to learn the thirty-six addition 
and subtraction combinations. In Grade 
I, the pupils were led to form ideas of 
number by the study of groups. Now these 
ideas were extended and enlarged by pro- 
viding exercises which assisted them to de- 
velop an understanding of the number 
ideas from ten to one hundred. A study of 
the number system was made in order to 
view it as a series of groups systematically 
planned with the standard group of ten 
as the basis. 

A quantitative understanding of the 
many number groups was developed to the 
effect that the pupils described fifteen as 
one ten and five ones, twenty-five as two 
tens and five ones, and fifty as five tens. 
At this stage in their learning, they were 
introduced to methods which aided them 
to add and subtract tens. As a result of 
this study, the pupils were led to form the 
generalization that tens were added and 
subtracted just like ones. Next they con- 
cerned themselves with learning to add 
higher decade combinations. The facts 
used for these learning activities were se 
lected from the one hundred sixty-one 
combinations which do not require bridg- 
ing. 

Later the pupils were directed to make 
a study of the higher decade subtraction 
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combinations because much practice was 
provided in using the easier subtraction 
facts in a different situation and on a 
higher level of understanding and use. 
Finally more practice was provided with 
the easier addition combinations through 
an introduction to the process of column 
addition. Here the pupils were led to give 
their attention to the various ways of re- 
arranging a single group of ten or less into 
three separate groups. 


THe TEACHING PROCEDURES 


With a background of number ideas 
which were developed through the study 
of groups to and including the group of 
ten, the pupils were ready to examine a 
new method of studying the arrangements 
of groups. This new method of studying 
groups. which was employed to aid the 
pupils in learning the thirty-six addition 
combinations with sums from eleven to 
eighteen and their corresponding sub- 
traction facts is described by Wheat? in a 
recent book. The teaching techniques pro- 
ceed along five definite steps as follows: 


1. Attention to arrangement, when the 
teacher makes the arrangement. 

2. Attention to arrangement, when the 
pupils make the arrangement. 

3. Attention to arrangement, when the 
pupils think the arrangement. 

4. Attention to arrangement, when the 
objects are present only in imagina- 
tion (“‘problem-solving,”’ so-called). 

5. Attention to arrangement, when no 
objects are present.* 


In the study of groups, the pupils dealt 

with combinations whose sums were 
98 8 

greater than ten, such as, 2, 4, and 9. In 
dealing with such combinations they were 
hot required to bring together, or think 
together, the two groups into a single 
group. They rearranged the two groups 


> Harry Grove Wheat, The Psychology and 
Teaching of Arithmetic, pp. 288-299. Boston: 
D.C. Heath & Co., 1937. 
* Harry Grove Wheat, Jbid., p. 294. 
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into a group of ten and so many more. 
Thus, to bring eight and nine together, the 
pupils combined the groups into a group 
of ten and a group of seven. Although the 
answer was said to be, “‘seventeen,”’ it was 
understood to mean one ten and seven 
ones. When it was written, the pupils rec- 
ognized that the numeral in ten’s place 
represented one ten, and the numeral in 
one’s place represented seven. 

From the beginning, an effort was made 
to make certain that the pupils understood 
ach necessary step in the rearrangement 
of two groups into a group of ten and so 
many more. A definite procedure was fol- 
lowed in order that the method of work 
would become increasingly useful in the 
study of each new arrangement. The 
teacher began the new study by directing 
the pupils’ attention to two groups. Let 
us say, two groups of.nine were presented 
to the pupils. The groups were represented 
thus: 


* * * * * * 
* * * * * * 
* * * * * * 


The pupils were asked to count the dots 
or objects in each group. They were asked 
the question, “‘How many more than ten 
are nine and nine?” The addition was 
9 


written, 9, and was described as a question 





which the pupils were asked to answer. 
The question asked was translated thus: 
“Nine and nine are ten and how many?” 

The demonstration continued with the 
question, ‘How many are needed to make 
the group of nine a group of ten?” The 
pupils answered, “One.” 

The teacher cautioned the pupils to 
watch as she increased the nine to ten. A 
line was drawn to enclose the one group 
of nine, and one dot in the other group of 
nine. This rearrangement was illustrated, 
thus: 


o *) * * 
s * * * 
oe * ” 
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Now the pupils were asked, ‘‘How many 
dots are within the larger group?” “Ten.” 

“How many dots are left in the other 
group?” “Eight.” 

The pupils determined the answers by ob- 
serving or counting the dots in each group. 

“How many are ten and eight?” 
“Eighteen.” 

“How many are nine and nine?” 
“Fighteen.” 

The answer, eighteen or ten and eight, 


9 
was written, thus, 9. 
18 


The demonstration was repeated enough 
times to make certain that the pupils 
understood what had been done. Then the 
corresponding subtraction arrangement 
was presented: 

“Nine from eighteen leaves how many?” 
Many pupils were probably ready with 
the answer, ‘‘Nine from eighteen is nine.” 
However, the arrangement was demon- 
strated to assure complete understanding 
of the method which was to be used in the 
study of other arrangements. The demon- 
stration was begun with the question, 
“How do you describe eighteen?” ‘One 
ten and eight ones.” Eighteen was repre- 
sented according to the pupils’ descrip- 
tion, thus: 


Again the question was presented, 
“Nine from eighteen leaves how many?” 
While the answer was probably apparent, 
the discussion was continued as follows: 

“Tf nine are to be taken from eighteen, 
from where are the nine to be taken?” The 
pupils were led to draw upon previous 
learning activities. They were able to com- 

_ pare a group of eight with a group of nine. 
It was known that nine was larger than 
eight. Therefore the pupils concluded that 
nine could not be taken from eight but 
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that a group of nine could be removed 
from a group of ten. At this point, the 
teacher illustrated the withdrawal of the 
group of nine from the group of ten. In 
case the demonstration involved the use of 
dots on the blackboard, a ring was drawn 
around the nine dots as shown above. 

Now the pupils were asked, ““How many 
dots in the first group are outside the 
ring?” “One.” 

“How many dots are in the second 
group?” “Eight.” 

“One and eight 
“Nine.” 

“Nine from eighteen is how many?” 
“Nine.” 


are how many?” 


18 
The answer was written thus: —9. 
9 


The demonstrations which have been 
presented illustrate the first step in learn- 
ing to deal with the thirty-six addition 
and subtraction combinations. In _ the 
second step, the pupils proceeded inde- 
pendently to work out the arrangements 
with the aid of objects according to the 
procedures of step one. As they gained 
facility in the use of the methods of work, 
they were encouraged to think the ar- 
rangements without manipulating the ob- 
jects. To assist the pupils in this, the 
third step, many arrangements were de- 
scribed orally. Later they were introduced 
to work at the level of step four, with the 
use of objects in the imagination only. 
Here verbal and written statements were 
used to describe the arrangements. In step 
five, the arrangements were presented as 
combinations with the answers to be 
written without the assistance of specific 
aids. The act of making the arrangements 
was intended to be one of thought en- 
tirely. 

Tue EFFECTIVENESS OF THE 
TEACHING PROCEDURES 


The effectiveness of the teaching pro 
cedures was measured through the admin 
istration of a test, and through a series of 
interviews with pupils. The test was con- 
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structed so as to include all the processes 
which were considered in the instructional 
program for Grade II. It contained ninety- 
five addition, seventy-six subtraction, 
twenty-three multiplication, and twenty- 
three division facts. Another section pre- 
sented twenty-five one-step problems. 
The addition combinations were pre- 
sented in the following manner. Ten addi- 
tion facts whose sums ranged from six to 
ten were selected at random. They were 
repeated in twenty combinations which 
involved the addition of tens. In these 
items, the simple arrangements with sums 
from six to ten were used in both ten’s and 
one’s place. The thirty-six addition com- 
binations with sums from eleven to eight- 
een were present in another section, and 
from these combinations, ten facts were 
selected at random for presentation on a 
higher level of use. They were as follows: 


oso eso @ Fe 2? & 
os & @ FF 2 rk’ se @ 

The combinations were presented with 
the ten addition facts whose sums ranged 
from six to ten. By placing the ten facts, 
which are listed above, in ten’s place, the 
pupils were required to write answers to 
these items: 


54 71 85 
72 45 53 


94 64 82 82 96 97 94 
53 94 85 47 73 93 86 


The items in the subtraction section of 
the test were the opposites of the addition 
facts. The exercise in multiplication pre- 
sented the twenty-three multiplication 
combinations with products from four to 
eighteen. The twenty-three division com- 
binations with dividends from four to 
eighteen were selected as the content of 
the exercise in division. The twenty-five 
problem: statements presented combina- 
tions which occurred previously in the 
other four sections of the test. Upon re- 
quest the writer will make available a 
copy of the test described above, and the 
directions for administering same to the 
reader. 
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During the latter part of May, 1941, the 
test was administered to sixty-four pupils 
in Grade II. When distributions of the 
pupils’ scores were made for the sections 
of the test which presented the thirty-six 
addition combinations with sums from 
eleven to eighteen and their corresponding 
subtraction facts, it was revealed that the 
combinations had been learned well 
enough to produce mean scores of 35.3 
and 33.8 for the addition and subtraction 
facts respectively. The mean scores indi- 
cate that the pupils with few exceptions 
made perfect or nearly perfect scores. 
Table I shows the number of pupils who 
attained such success. 


TABLE I. NuMBER OF PupiILts MAKING PERFECT 
AND NEARLY PERFECT SCORES IN THE THIRTY- 
six ADDITION COMBINATIONS WITH Sums From 
ELEVEN TO EIGHTEEN AND THEIR CORRESPOND- 
ING SUBTRACTION COMBINATIONS 





Number Number 
Type of Test Scoring Scoring 
36 30-36 
Addition 51 63 
Subtraction 45 60 





There are many outcomes of the learn- 
ing process which cannot be described by 
the analysis of test results and other ob- 
jective data. Evidence of the existence of 
these outcomes must be gathered by ob- 
serving signs of the development of atti- 
tudes, habits, and understandings. Since 
the methods of learning the number facts 
emphasized the understanding of certain 
ideas which were involved in the processes, 
one became interested in having some indi- 
cation of the formation of number ideas 
and relationships. For the purpose of col- 
lecting such data, the writer planned and 
conducted individual interviews with a 
number of pupils. When a pupil was inter- 
viewed, the object of the discussion was to 
ascertain the presence of specific ideas 
which were associated with a particular 
arithmetical process. Two interviews are 
recorded herein. They seem to indicate 
that the teaching procedures did not neg- 
lect the development of the ability to 
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understand what was involved in a 
process. 
Interviewer: ‘“‘Can you tell me how to 
find the answer, if you didn’t know, 
9 


to the addition, 5?” 


Pupil: “I can think nine and one make 
ten. Ten and four make fourteen.” 
Interviewer: “From where do you get 

the one?” 
Pupil: “I get one from five, and four are 
left.” 
Interviewer: ‘“‘What do you see in this 
71 
addition, 45?” 


Pupil: “I see one and five, and seven 
tens and four tens.” 

Interviewer: ‘Do seven tens and four 
tens look the same as anything you 
have seen before?” 

Pupil: “They are just the same as four 
tens and seven tens, and they look 
just like seven ones and four ones.” 

Interviewer: ‘How do you add seven 
tens and four tens in the addition, 
71 
45?” 


Pupil: “Just as I add seven and four.” 
The remainder of the interview was 
concerned with a general discussion rela- 
tive to the pupil’s ability to recognize 
number situations when presented in 
- written statements. 

Interviewer: ‘‘Why were you able to 
work all of the problems in the tests?” 

Pupil: “They were easy.” 

Interviewer: ‘Did you have any trouble 
in reading the problems?” 

Pupil: “No.” 

Interviewer: ‘‘What made the problems 
so easy?” 

Pupil: “I have done the same kind of 
problems before.” 

Interviewer: “What do you think about 
when you read the words, (How 
many, and Together)?” 

Pupil: “They tell me to add.” 


Interviewer: “Do you like to study 
arithmetic?” 

Pupil: “Yes.” 

Interviewer: “Why?” 

Pupil: ‘Because I like to work.” 

The next interview illustrates a pupil's 
understanding of the process of subtrac- 
tion. The conference proceeded as follows: 

Interviewer: “How do you think the 

14 
answer to the subtraction, —8?” 

Pupil: ‘You take eight from ten. Two 
are left. Put the four with the two, 
and you have six left.’ 

Interviewer: ‘‘Why don’t you take eight 
from fourteen?” 

Pupil: “You can’t take eight from four.” 

Interviewer: “Yes, but you can take 
eight from fourteen.” 

Pupil: “You can’t take eight from four- 
teen that way until you think eight 
from ten.” 

Interviewer: “What is fourteen?” 

Pupil: ‘Fourteen is one group of ten and 
four ones. That is why you can’t take 
eight from four. Eight is larger than 
four.” 

Interviewer: ‘How do you think this 

158 
subtraction, —62?” 





Pupil: “You take two ones from eight 
ones. Six ones are left. Then, you 
think six from fifteen.” 

Interviewer: ‘‘What are the differences 


15 8 
in doing these subtractions, —6, —2, 
158 — 

and —62?” 
158 


Pupil: “The only difference is in —62, 
ones and tens are subtracted from 
ones and tens. It is done just like 
two examples which tell you to take 
away ones.” 

Interviewer: “Do you like to study 
arithmetic?” 

Pupil: “Yes. It is easy.”’ 
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Interviewer: ‘‘Why is it so easy?” 
Pupil: “I know how to think out what 
I do.” 
SUMMARY 

This article has described the methods 
of learning which were used to learn the 
the thirty-six addition combinations with 
sums from eleven to eighteen and their 
corresponding subtraction facts by sixty- 


four pupils in Grade II. Data have been 
presented to indicate that the pupils 
learned successfully both sets of combina- 
tions, and they found one set no more diffi- 
cult to learn than the other. Moreover, the 
evidence seems to reveal that the methods 
of learning encouraged the pupils to de- 
velop an understanding of the number 
system. 
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Possible Articulation for the Junior High School 
with the Elementary School and the 
Senior High School 


By Mary Rocers 
Roosevelt Junior High School, Westfield, N. J. 


THE JoB which faces mathematics 
teachers in the years just ahead promises 
to become an ever increasingly important 
but difficult one. In a world where quanti- 
tative situations must be dealt with again 
and again accurately and with great pre- 
cision, mathematical literacy is equally as 
important as the ability to read and write 
—to express oneself with clarity and con- 
viction. 

The schools must insure this mathe- 
matical literacy to all who can possibly 
achieve it. The need for mastery of skills 
in simple computation, and for control and 
intelligent use of certain basic mathe- 
matical “concepts and principles is uni- 
versal. It is our obligation to furnish this 
training to all who will avail themselves of 
it. 

Furthermore, we are entering upon an 
age of scientific and technological culture 
unparalleled in the World’s history. Many 
of the young people in our class rooms to- 
day should be—and will be—leaders in 
this new era of living. For these young 
people we must provide training for 
mathematical mastery and power which 
will enable them to assume this leadership. 

The task before us is a stupendous one. 
It is, however, a challenge which mathe- 
matics teachers must accept. And it can- 
not be the work of leaders in the field of 
mathematical education alone. Its maxi- 
mum achievement can only be the result 
of all teachers of mathematics working 
together—teachers from all levels of 
mathematical education. 

The road to mastery—or even com- 
petency—in mathematics is a long one, 
and progress thereon should be con- 
tinuous. Yes, growth toward the mastery 
of mathematics should be continuous. It 


should have its foundations well-laid in the 
early grades of the elementary school. It 
should progress naturally and smoothly 
level by level—in unbroken sequence 
throughout all subsequent educational ex- 
periences of the individual. 

This progress can best be realized only 
where some sort of educational co-ordina- 
tion, articulation or integration is maxi- 
mally employed. Many school systems and 
other educational groups are achieving 
much in this direction. Their excellent 
educational attainments bespeak the 
worthwhileness of such procedure. 

Let us define these procedures and then 
choose the one which seems most nearly 
ideal. To co-ordinate is to combine into 
harmonious relation or action—to bring 
about harmonious adjustment between 
two or more distinct entities. Integration 
is a process of summation. It implies a 
combination of elements so intimately con- 
nected that a perfect whole results or is 
approached as a limit. Usually it suggests a 
complete fusion or coalescence of particu- 
lars with a loss, therefore, of their separate 
identities. Articulation also implies as its 
result a perfect whole, but it differs from 
integration in that it implies no loss of 
identity or of distinctness of the things 
combined. Each part fits into another in a 
manner comparable to the fitting into each 
other of two bones at a joint. A structure 
is built up that functions as a whole, yet 
without loss of flexibility or distinctness in 
any of its component units or without any 
conflict between them. 

Is not articulation our best procedure 
in bringing about the continuous growth 
so necessary for satisfaction and success in 
the sum total of mathematical education. 
Assuming this to be true, let us determine 
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ARTICULATION FOR THE JUNIOR HIGH SCHOOL 


the place of the junior high school in the 
educational structure we are building. 

The junior high school is in an inter- 
medial position between two very distinct 
educational entities—the elementary 
school and the senior high school. The pro- 
cedures and techniques on these two levels 
of education are of necessity quite differ- 
ent. The age of the child, as well as the 
subject matter taught, make this differ- 
ence necessary. The junior high school 
must tie the two together into an hor- 
monious whole. To bring about this articu- 
lation a four-fold responsibility devolves 
upon the junior high school. 

1. It must provide an adequate and 
natural continuance of the work of the 
elementary school. 

2. If at all possible, it must correct all 
mathematics retardation and _ shortages 
existing any of its pupil personnel. We are 
told such adjustments must be made here; 
it is virtually impossible to make them 
later on. 

3. The junior high school must provide 
an expanding and deepening experience 
with the problems of everyday living. 

4. It must strengthen and extend the 
foundations for subsequent experiences 
with mathematics. 

The junior high school program of 
mathematics must be planned as a whole, 
built around certain broad categories. The 
organization and arrangement of the units, 
which go to make up this whole, may vary 
in order to provide for local and individual 
needs and interests. But the following 
categories must be universally accepted 
by all junior high schools: 

1. Number and computation—a mas- 
tery of skills, an expanding appreciation 
of quantitative values and inter-relation- 
ships. 

2. Measurement and informal geome- 
tty—a continuance of the rich experiences 
indirect measurements of the Elementary 
*hool—and a discovery of concepts and 
principles to be used later on in the more 
lormal geometry of the senior high school. 
3. Construction and interpretation of 
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graphs—including varied and rich experi- 
ences in statistical graphing, map reading 
—and an introduction to the study of func- 
tion graphs. 

4. Introduction to the functional core of 
algebra through formulas and equations. 

5. A generous application of the vari- 
ous phases of mathematics to the prob- 
lems of everyday living. 

The junior high school teacher should 
be broadly educated in her own field’and 
in related fields of learning. She should be 
very versatile in her reactions to situations 
which arise. She should not only know her 
own level of mathematical education, but 
she should also know the levels directly 
below and above her own. 

Meaningful teaching represents a build- 
ing-up process in which old ideas work to- 
gether in new situations. What often ap- 
pears to be complicated and difficult for 
pupils, could in reality be very simple if 
they possessed the proper educational 
foundation and if that foundation were 
appreciated and properly built upon in 
subsequent learning experiences. Matura- 
tion of ideas, skills and concepts will re- 
sult only from an instructional program so 
organized as to contribute to the continued 
development of understanding and insight 
into mathematical relationships as the 
pupil advances, stage by stage, through- 
out his educational experiences. 

The elementary school is an activity 
school. Life situations, on the level of the 
child, and within his range of interests, are 
set up in configurations so planned as to 
teach the lessons desired. His interest hav- 
ing been aroused, the child is led to dis- 
cover the number challenges and the need 
for mathematical manipulation. 

He sets down his discoveries and deter- 
mines a simple pattern of reasoning to be 
followed. He then applies this pattern and 
works out his little problems. 

This, to a large extent, must be the 
procedure in the early months of the 
child’s junior high school experience. He is 
not yet ready for abstractions and gen- 
eralities. These must come gradually, as 
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his understanding deepens and his experi- 
ences expand. 

The point at which the unique teaching 
in the junior high school begins, is the 
point at which the students’ former 
knowledge ends. At the outset, the seventh 
grade teacher acquaints herself with her 
classes as she receives them from the ele- 
mentary school. Having studied their gen- 
eral records, she proceeds to investigate 
individual cases, to diagnose individual 
and group difficulties from past testing 
records and personal history data sub- 
mitted to the junior high school by the 
elementary school. She discovers many of 
these children have not attained the full 
measure of their ability in mathematical 
experiences. Thus deficiencies of previous 
school work must be made up. Remedial 
work must occupy an important place in 
the program of procedures. But this reme- 
dial work should not be super-imposed. It 
must not be meaningless drill. The child 
should be led to discover his own short- 
ages and to want to do something to cor- 
rect them. 

What better unit with which to make 
this discovery than a unit of direct meas- 
urement! Children love to measure things. 
They have had much experience with such 
activity throughout the elementary school. 
They began measuring in the third grade, 
using rulers laid off in inches. Each subse- 
quent year has added one step to their pre- 
cision of measurement. The seventh grade 
finds them ready to measure by sixteenths 
of inches and to use the decimal ruler. 

Measurement in the seventh grade 
should begin with the more familiar ob- 
jects in the child’s environment. Careful 
estimation should precede each measure- 
ment. Records should be kept of estimated 
and measured values. These should, in 
turn, be compared with an accepted meas- 
ured value to determine accuracy to judg- 
ment and precision of measurement. 


Problems involving measurement should 
be brought to the mathematics classes 
from the Manual Arts classes, hobby 
shops, or from any other measurement ac- 


THE MATHEMATICS TEACHER 


tivities within the experience of the child. 

All measurements should be made to the 
degree of accuracy set up as a standard for 
this grade. Aids to precise measurement 
must be taught and considerable practice 
afforded in their appliction. 

The applications of individual measure- 
ments often requires rather difficult com- 
putation with common and decimal frac- 
tions. Some children find themselves not 
sufficiently proficient in these computa- 
tional skills to permit the successful ma- 
nipulation of the measurements they have 
made that are required in the practical 
applications. They are not surprised to 
discover that they have been hampered 
by their computational inefficiency. They 
have associated number skills with meas- 
urement units throughout most of their 
school experiences. 

These children are now ready to make 
up the shortages which they have found 
to exist. They feel a need for directed 
practices in the skills which they have 
not mastered. So the teacher re-teaches, 
emphasizing and clarifying concepts. The 
children hear these principles stated and 
re-stated, and they are guided in express- 
ing them and in applying them as appro- 
priate occasions arise. Thus understand- 
ing makes practice meaningful; generaliza- 
tions become useful. The children begin to 
acquire a science of number upon which to 
build their subsequent structure of mathe- 
matical education. 

Children for whom no shortages have 
existed are exploring new fields, extending 
their knowledge and appreciation 0 
quantitative values and_ relationships 

Shapes in nature, objects and designs in 
man-made environment, are studied and 
compared. The child observes both siz 
and shape as determining characteristic 
of things about him. He learns to associate 
linear and angular measurement with size, 
shape, and a new concept—an appreci 
tion of angles and their significance be 
comes functional to the learner. There fol 
lows a period of experimentation wit! 
lines and angles through simple ger 
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metric constructions. Geometric principles 
and concepts are discovered, clarified and 
applications made. 

To provide practice in these applica- 
tions, and to develop greater skill in the 
use of such mathematical instruments as 
the compass, straight edge and protractor, 
the children are guided in the study and 
construction of simple geometric designs, 
and scale drawings. 

As an outgrowth of all this number 
study and measurement experience, the 
child not only grows toward a mastery of 
skills; his appreciation of number rela- 
tionships also deepens and expands. He 
has long understood the concepts “how 
much more?” “how many times?” “what 
part of?’ His experience with this type of 
thinking began in the third grade and has 
been growing continuously since. It is not 
difficult then, for the seventh grader to 
understand the simpler implications of 
ratio and to use them in problem situa- 
ations involving comparison of sizes and 
values. Seores of such interesting prob- 
lems are available within the range of the 
child’s experience. They can be built into 
very interesting configurations. 

These boys and girls are becoming in- 
creasingly aware of the social significance 
of mathematics—its utility and applica- 
tion in the affairs of daily living. The wise 
teacher capitalizes upon this awareness, 
and takes steps to develop in these children 
the ability and disposition to view the af- 
fairs of life in an orderly, systematic man- 


ner. She teaches them to see relationships , 


involved in daily problem situations and to 
use quantitative techniques in their solu- 
tion. 

Problem solving is not new to the 
seventh grader. He began solving very 
simple word problems in the third grade. 
Each subsequent year has added just a 
little to his experience with reasoning situ- 
ations. This background should be recog- 
nized and built upon. 

Procedures in the seventh grade, how- 
ver, must be increasingly formal and 
thorough, affording strong foundation for 
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the abstractions and generalities in prob- 
lem solving which will confront the stu- 
dents in the mathematical experiences 
just ahead. 

First of all, the student must learn to 
read his problem carefully to determine 
exactly what is given and what is re- 
quired. 

He should then list the data given and 
the question to be answered. 

He should visualize the problem situa- 
tion, whever possible, by drawing an ap- 
propriate sketch. 

He should select relevant data and dis- 
card the irrelevant. 

He should analyze the relationship of 
quantitative values and determine pro- 
cedures to be followed. 

He should always judge a reasonable 
answer in advance of computation. 

He should compute carefully and check 
all results for common sense and accuracy. 

He should test his result in terms of the 
question asked at the outset. 

This followed — faithfully 
throughout the seventh and eighth grades, 
should bring results that will greatly re- 
duce difficulties in the ninth grade algebra 
and the mathematics of the senior high 
school. 

Of equal importance in the mathematics 
program of the junior high school is the 
work with per cents. We must concede 
this work to be entirely new to the seventh 
grade child. It presents a new language 
and a comparatively new mode of express- 
ing quantitative relationships. But the 
language is readily learned, if associated 
with the child’s immediate environment. 
The relationships become basically simple 
when interpreted through the already 
familiar concept of ratio. This close associ- 
ation between ratio and per cent facili- 
tates the acquirement of the new concept 
—per cent and deepens and expands the 
general concept of ratio. This is most im- 
portant. For ratio is basic and vital to 
many mathematical experiences which 
are to follow. 

Techniques in the use of per cents must 


procedure, 
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be developed. Their early mastery is di- 
rectly commensurate with skills and un- 
derstandings already acquired in the use 
of common and decimal fractions. 

Concomitant with the mastery of tech- 
niques in percentage, is an appreciation 
of its many uses, and a growing ability to 
apply these uses in the management of 
daily affairs. Thus, percentage becomes an 
important medium of understanding in 
situations of social significance. 

As the child advances chronologically 
and educationally, his horizon expands; his 
interests deepen and increase. The junior 
high school boy and girl of grades eight 
and nine experience a period of intensive 
interests. The affairs of today’s environ- 
ment are strongly significant to them and 
ideas concerning their future participation 
in the world of adults attract and demand 
their attention. 

Many of these young people are already 
looking ahead to College, or the technical 
job which promises to make such an im- 
portant contribution to their future happi- 
ness and success. They are beginning to 
realize how very vital to the realization 
of their ideals, is a generous mathematical 
education. So we plan for them a more 
formal—an enriched program of mathe- 
matics. 

While this program must remain within 
range of the current interests and activi- 
ties of the student, it will also reach out 
to the simpler generalities and abstractions 
heretofore not experienced by him. 

Once again measurement must occupy 
an important place in the mathematics 
program of study. We are living in an age 
of measurement—of high precision. This 
is a fact we cannot impress too strongly 
upon the minds of Young America. 

At the beginning of the year, the eighth 
grade student resumes practice in estima- 
tion and measurement. He begins to ap- 
preciate the science of measurement; that 
no measurement can be exact; the degree 
of precision to be attained depends upon 
the specific situation at hand and upon the 
instrument to be used. He learns the mean- 
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ing of tolerance and comes to appreciate 
its significance in measurements of the 
machine shop and industry. He becomes 
acquainted with precision instruments 
heretofore strange to him. 

Again many students find their progress 
hampered by shortages in computational 
skills. They come to realize the importance 
of meaningful practice in whole numbers, 
common fractions, decimals and per cents. 
No skill can be maintained—much less 
strengthened—without continuous prac- 
tice. And mastery of these computational 
skills is so vital to success in this techno- 
logical age. 

In this re-emphasis on Arithmetical 
skills, stress should be laid on the generali- 
ties involved—the abstract principles 
fundamental to all computational proc- 
esses. An understanding of these princi- 
ples—an ability to express and apply them 
will be invaluable, later on in similar situ- 
ations involving the use of Algebraic 
symbolism and notation. 

The Junior High School student has 
learned much about quantitative rela- 
tionships and inter-dependence of values. 
These concepts have been growing and ex- 
panding in his consciousness since the 
early days of the elementary school. In the 
seventh grade, he has learned to picture 
certain numerical relationships—simple 
statistical data—by using var, circle and 
line graphs as the occasion prompted. The 
eighth grade student reviews these prin- 
ciples and practices of graphing. He col- 
lects and organizes interesting social data 
and pictures by the use of appropriate 
graphs. He learns to interpret changing 
values by means of the statistical graph. 
All of this involves much manipulation 
with common fractions, decimals, and per 
cents. It affords enriched experience with 
ratios and approximate values drawn to 
scale. 

If changing values are continuous and 
uniform, and dependent one upon the 
other, the student is led to discover ther 
must be an underlying principle control 
ing this change. He learns to write thi 
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principle as a formula and to portray its 
significance by table and simple function 
graph. 

This leads to a re-emphasis upon prob- 
lem situations involving formulas with 
which the student is already familiar— 
formulas governing the perimeters and 
areas of the more common plane surfaces. 
Eighth grade students have had many suc- 
cessful experiences with these formulas in 
the seventh grade. They take quite readily 
to the newer principles which they are now 
led to disecover—very simple examples of 
related change. 

This new thinking is brought about 
through guided experimentation and ob- 
servation. Most of it concerns the rectan- 
gle and the square. The student starts 
with a square of convenient size. Keeping 
one dimension the same, he varies the 
other by some easy ratio. He observes the 
effect of this variation upon the perime- 
ter. He then varies both dimensions by the 
same ratio, and observes the effect upon 
the perimeter. He repeats these experi- 
ments several times using a different ratio 
of change each time. He then performs 
these experiments all over again, this time 
noting the effect upon the areas. He notes 
that area and perimeter are not propor- 
tionately affected by these variations. The 
more alert student looks for a reason for 
this discrepancy and finds it in the struc- 
ture of the formulas involved. He is led 
to see the area as a product and the 
perimeter as a sum. Naturally multiplied 
change is more rapid than added change. 

Intrigued with these discoveries, he is 
eager to carry the experiment still further. 
Again we start with a square—a 6-inch 
square. This time we keep the areas con- 
stant and vary both dimensions, noting 
the resulting inverse variation of these 
dimensions. We observe the effect upon 
the perimeter. We continue our experi- 
ment through many steps in variation. 
This poster shows the results of part of 
our experiment. We couldn’t find card- 
board large enough to record all our ob- 
servations. We finished our measurements 
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on the very longest stretch of black boards 
in the class room. Our last rectangle was 
288 inches long and 34 inch wide. How 
rapidly the perimeter increased in value, 
when the shorter linear dimension dropped 
below one inch in value! And now for a 
summary of observations. All areas were 
checked to be the original 36 sq. in. The 
perimeter had increased from 24 in. to 
5763 inches. The rectangle was rapidly 
approaching the appearance of one 
straight line. It was just a little difficult for 
these children to comprehend that this 
rectangle never would become one line no 
matter how long we continued our study 
of variation—that the 36 sq. in. of area 
would still exist. 

The next experiment also was begun 
with a 6-inch square. This time we held 
the perimeter constant and varied the 
linear dimensions. Again the rectangles 
changed shape becoming long and narrow 
and approaching a straight line as a limit. 
The area became smaller and smaller. 

One other observation was made from 
these experiments. Among all these rectan- 
gles, the square was found to have the 
greatest possible area for the least length 
of perimeter. 

Also of very great importance in the 
eighth grade course of study is the unit on 
triangles. Time will permit only a cursory 
reference to this study. It deserves far 
more, for it makes such a rich contribution 
to the formal mathematics of later years. 

This triangle study should include, 

1. A clear concept of the triangle with 
its six component parts. 

2. An appreciation of angle distribution 
and total angle value. 

3. Classification of triangles as to line 
and angles. 

4. An understanding of the properties of 
congruent and similar triangles, and skill 
in their use as tools for indirect measure- 
ment. 

5. Indirect measurement through tri- 
angles drawn to scale. 

6. The wind triangle in very simple avi- 
ation problems. 
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7. The right triangle, including 

a) The rule of Pythagoras 

b) The special 3-4-5 rt A, the isos- 

celes rt A and the 30-60-90 rt A. 

c) The tangent function. 

This unit cannot be satisfactorily com- 
pleted without a generous experience in 
field measurements to illustrate and vital- 
ize the meanings acquired. 

A very appropriate study with which to 
close this paper is the study of solids. It 
can at once be utilitarian and technical. It 
builds upon many familiar concepts ac- 
quired as early as the elementary grades. 
It points the way to the abstractions and 
generalities of solid geometry in the senior 
high school. 

First of all, the student learns to con- 
struct models of the solids to be studied. 
As he does so, he notes characteristics 
which cause these solids: to assume their 
respective shapes. He then learns to group 
and classify these solids into three great 
families—the prisms, the pyramids, and 
the polyhedrons. As he does so, he notes 
similarities which make this grouping pos- 
sible—the rectangular lateral surfaces of 
all prisms; their two bases in the shape of 
parallel and congruent polygons—the 
congruent, isosceles triangles which make 
up the lateral surface of all pyramids; the 
paramid’s one base—the many congruent 
regular polygons which form the surfaces 
of polyhedrons. 

The recognition of these relationships is 
most important. It makes subsequent 
learning experiences so much more mean- 
ingful. 

The student has long been familiar with 
the rectangular prism. We build upon and 
extend that acquaintance until the stu- 
dent has acquired a genuine appreciation 
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of its properties; until he shows skill in 
applying these properties to many, many 
problems of daily living. 

Having learned the properties of one 
of these related solids, the work with all 
others becomes simple. 

The junior high school is becoming in- 
creasingly aware of the responsibilities 
which devolve upon it in the over-all 
program of mathematical education. The 
schools are obligated, as never before, to 
insure mathematical literacy to all who 
will avail themselves of it. They must pro- 
vide training toward mastery and power 
for all who desire it and will work for it. 

But the road to mastery in mathematics 
is a long one and progress thereon must be 
continuous. It should have its foundations 
well-laid in the early grades of the ele- 
mentary school. It should progress nat- 
urally and smoothly—level by level—in 
unbroken sequence, throughout all sub- 
sequent educational experiences of the 
individual in order to provide a continu- 
ous program. 

This continuity can best be realized 
only where educational articulation or co- 
ordination is maximally employed. Be- 
‘ause of its intermedial position between 
the elementary school and the senior high 
school, the junior high school must as- 
sume much responsibility for the success 
of such a program. Leaders in junior high 
school mathematical education are recog- 
nizing this challenge and are studying to 
meet it. Much research and study is now 
being undertaken and plans for procedure 
being set up. 

When this program of articulation is 
being optimally used, I believe we shall 
have progressed far in meeting the chal- 
lenge now before us. 





ORDER YOUR I8TH YEARBOOK NOW BEFORE THE 
EDITION IS EXHAUSTED! 








art 
to 


sec 


inte 
Wh 
by 
Bue 
gun 
it ii 
shot 
teac 
seCCO 
TI 

is th 
matl 
SeCOl] 
is th 
tions 
shop 
math 
matic 
sixth 
for pi 
geom 
mathe 
premi 
about 
rant s 
pure | 
apply 
tion of 


7 
It,” Tx 
Pp. 306 

Whe 
About J 
Mar,, 1 








Why Not Be Sensible About Meaning 
and Applications? 





By WaAuTER BERNARD 
(rilbert Stuart Junior High School, Providence, R. I. 


SEVERAL articles have been published 
recently in THe Matuematics TEACHER 
on the teaching of meaning. Two of these 
articles* appear to take opposite sides. 
Viewing the subject of meaning as a class- 
room teacher and a former engineer, I am 
of the opinion that the writers of these 
articles are both presenting theses of value 
to us who teach in the elementary and 
secondary schools. Now I am not stepping 
into the controversy between Buell and 
Wheat in the role of peacemaker. Perhaps 
by the time I am through this paper, both 
Buell and Wheat will be turning their 
guns, or pens, on me. I really believe that 
it is of the utmost importance that we 
should consider what part meaningful 
teaching should play in elementary and 
secondary mathematics. 

The teaching of meaningful mathematics 
is the principal reason for the existence of 
mathematics as a separate department in 
secondary education. If our chief purpose 
is the teaching of mathematical applica- 
tions, then we should let the commercial, 
shop, and science teachers teach what 
Mathe- 
matics as a separate department above the 
sixth grade could not be justified, except 
for pupils who wish to present algebra and 
geometry for college entrance. A separate 
mathematics department is based on the 
premise that there are facts and principles 
about numbers and magnitudes that war- 
rant separate study. This knowledge of 
pure mathematics enables the pupil to 
apply mathematics efficiently to the solu- 
tion of practical problems. 


mathematics the pupils need. 


* Buell, Irwin A., “‘Let Us Be Sensible About 
It,’ Tae Maruematics TEACHER, Nov., 1944, 
pp. 306-308. 

Wheat, Harry G., ‘‘Why Not Be Sensible 
About Meaning?” THe MaTHeMatics TEACHER, 
Mar., 1945, pp. 99-102. 
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In planning what is to be taught in 
mathematics, the educator should consult 
the work of not one group of specialists 
but of several. The experts should include 
(1) commercial, industrial, and scientific 
users of mathematics; (2) mathematicians; 
(3) psychologists; and (4) educationists. 
The direction which our courses in mathe- 
matics would take would be determined 
largely by what is learned from the users 
of mathematics; the structure and poten- 
tialities of our courses, from the mathe- 
maticians; the functioning of the child 
mind, from the psychologists; and efficient 
teaching procedures, from the education- 
ists. 

In the distant past the mathematicians 
were the only people consulted in the 
planning of a mathematics course. If one 
examines elementary and secondary school 
mathematics courses today, he can still 
find evidence that mathematicians had 
something to do with their content. Later 
some attention was paid to the users of 
mathematics; and we can see where navi- 
gation, commerce, farming, and the me- 
chanic arts fade in and in some cases 
slowly fade out of the picture. Since 1910 
the effect of the psychologists and educa- 
tionists has been felt. Courses have been 
modified or even dropped out of the 
curriculum of some pupils. Topics have 
been shifted up a grade and even down a 
grade. Teaching methods, especially in the 
elementary school, have been changed. 
The educationists have asked us to make 
our courses more practical, directing us 
back to the users of mathematics. Lately 
the war has influenced our secondary 
school mathematics by causing the inclu- 
sion of topics on ballistics, communication, 
and aviation, and in some cases whole 
courses in these subjects. 
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One good result of attention to the 
applications of mathematics has been the 
observance that one is limited in his appli- 
cation of mathematics if he is not fully 
appreciative of the meaning of numbers, 
their properties, and the principles of their 
combination. 

If we desire help in the teaching of 
meaning, the first place for us to go is to 
the works of the pure mathematician. 
According to him, mathematics is a logical 
framework built up from a foundation of 
undefined terms, definitions, and postu- 
lates upon which we merely hang or sup- 
port those applications to which these 
postulates apply. Mathematics when well 
understood contains within itself the 
reasons for the steps taken in the solution 
of a practical problem. A good workable 
definition of mathematics is that it is 

organized and tested common sense. 

To illustrate what has been said about 
mathematics, let us imagine Mr. Mathe- 
matician orally testing Mr. Mechanic on 
his knowledge of simple arithmetic. 

“Tf I were to have you cut this 6-inch 
rod,” asks Mr. Mathematician, “into 
2-inch pieces, neglecting the width of the 
hack saw blade to make the problem sim- 
ple, how many pieces would you get?” 

“Three,” promptly replies Mr. Me- 
chanic. 

“Why?” asks Mr. Mathematician. 

“Because 6 divided by 2 is 3,” retorts 
Mr. Mechanic somewhat impatiently. 

Mr. Mathematician beams. He even 
laughs when he hears Mr. Mechanic say 
under his breath, “Fathead! Any fool 
knows that!” 

Mr. Mathematician is greatly pleased to 
hear that Mr. Mechanic, in common with 
most people, has a logical grasp of whole 
numbers. Mr. Mechanic would probably 
characterize a foolish person as one who 
does not know that 2 and 2 make 4. 

Mr. Mathematician decides to test Mr. 
Mechanic on fractions. 

“Suppose that instead of cutting the 
6-inch rod into 2-inch pieces,” he asks, 
“you cut it into 4-inch pieces. How many 


THE MATHEMATICS TEACHER 


pieces would you have then?” 

Mr. Mechanic does not reply so 
promptly this time. He stares off into 
space, his lips are tightly pressed one 
moment, and his mouth is open the next. 
At times his throat moves. After a pause 
of some length, he gives the solution. 

“Twelve pieces.” 

“Good,” says 
“Why?” 

“Well, you see if I were to cut the 6-inch 
rod up into 1l-inch pieces, I would get 
6 pieces, and if I cut each 1-inch piece into 
}-inch pieces, I would get two }-inch pieces 
for each 1-inch piece; and since I had six 
l-inch pieces, there would now be 12 
pieces.” 

Mr. 
sadly. 

“Good common sense,” he remarks to 
himself, “but clumsy and not neat direct 
mathematics. I hate to think of his mental 
agony if I were to ask him to consider cut- 
ting the rod into }-inch pieces.” 

Inquiry discloses that Mr. Mechanic 
had a good grammar school drilling in 
fractions. He, in common with many 
others, knows how to divide by a fraction, 
but the drilling did not reveal to him the 
meaning of the process, and, therefore, he 
does not recognize an opportunity to apply 
the process to the solution of a simple 
practical problem. 

It would have been a great day for 
Mr. Mathematician, if Mr. Mechanic had 
replied, “Twelve, because 6 divided by } 
is 12. That’s why.” 

If anyone thinks this story is farfetched, 
let him ask an adult friend how much is 
6 divided by 3, and should he succeed in 
drawing out the answer 12, ask his friend 
to justify the quotient. Why is not the 
quotient 13 or some other number? He 
will find many intelligent people who do 
not understand division and the applica- 
tion of fractions. For that matter there are 
textbooks on arithmetic that suggest 
clumsy methods of solving problems in 
order to avoid the use of fractions. 

In advanced courses in mathematics, 


Mr. Mathematician. 


Mathematician shakes his head 
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mathematicians tell us that the funda- 
mental processes originate in counting. 
Since adding is the simplest process, 
almost as simple as counting itself, the 
other three processes, subtraction, multi- 
plication, and division, are explained in 
terms of addition. The quotient, in one of 
its meanings, tells us how many terms 
each equal to the divisor must be added up 
to yield a sum equal to the dividend. In 
the problems proposed to Mr. Mechanic, 
he was first asked in substance how many 
twos add up to six, and then how many 
halves add up to six. Both problems when 
so analyzed suggest division as the method 
of solution. 

Does this mean that elementary and 
secondary school mathematics should be 
taught on a completely logical basis, with 
the courses built up from undefined terms, 
definitions, and postulates? That is exactly 
what teaching for complete understanding 
would mean. I believe that mathema- 
ticians would be the first to disapprove 
such an attempt. In several colleges it was 
found that freshmen could not study alge- 
bra on that basis. A college professor told 
me that he had attempted to teach 
Euclid’s geometry on a 100% logical basis, 
but had had to give it up because it took 
him six weeks to reach the theorem that 
all right angles are equal. Furthermore, 
mathematicians, I think, would feel that 
much of the value of their work is lost, if 
those who are to apply mathematics hesi- 
tate to use its time-saving theorems. 

Even if we do not organize our courses 
on a rigorously logical basis, there is still 
much room for meaningful teaching. That 
is the moral of the story of Mr. Mathe- 
matician and Mr. Mechanic. Let us look 
at the psychology of problem solving and 
computation as viewed by the mathe- 
matician. He has reduced it to the recog- 
nition of opportunities for applying mathe- 
matical theorems; for example, that an 
equation can be formed by expressing one 
quantity in two mathematically inde- 
pendent ways; that multiplying both 
terms of a fraction by a number does not 
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change the value of the fraction; and, of 
course, many others. When a _ problem- 
solver cannot see how to apply a mathe- 
matical theorem, he resorts, for the time 
being, to common sense. 

The last statement may sound as if I 
disapprove of common sense. Of course, I 
do not. I am using the term, “common 
sense,” to mean reasoning from funda- 
mentals. It is a slow process, and it is very 
easy for one to leave out an important 
step in his reasoning and arrive at a wrong 
conclusion. To protect ourselves against 
fallacy is the principal reason for proof in 
mathematics. A captivating aspect of 
mathematics is that the truth of some of 
its theorems is not readily apparent until 
subject to proof. When we use the theo- 
rems of mathematics we are enjoying the 
fruits of organized and tested common 
sense. 

It might be well to point out here that 
in the solution of problems we also make 
use of theorems that originate not in math- 
ematics but in the field of application. It 
is in accordance with a rule of commerce 
and not of mathematics alone that one con- 
cludes that if 1 article costs 5 cents, 6 arti- 
cles should cost 30 cents. In fact, you may 
get the 6 articles for 25 cents. If a man 
agrees to work for $1 an hour and he 
works 10 hours in one day, he must be 
paid not $10, but $11; for according to 
the National Wage and Hour Law he is 
entitled to a time and-one-half rate for all 
time in excess of 8 hours. 

From the mathematicians we learn the 
value in problem-solving of a knowledge 
of the structure of pure mathematics, but 
they also warn us of difficulties in impart- 
ing this knowledge by rigorous logic. When 
we turn to the psychologists and educa- 
tionists, we are told more about these 
difficulties. In fact, the classroom teacher 
is aware of many of them from his own 
experience with children. Most children 
enjoy doing simple tasks and are satisfied 
with the teacher’s approval as their only 
reward. Bright children are more inter- 
ested than dull children in the applications 
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of what they learn in mathematics. While 
calling pupils’ attention to applications 
made by engineers of various theorems of 
geometry, I have noticed the rapt atten- 
tion of the brighter students and the bored 
attitude of the others. Most pupils below 
the age of twenty are not so much inter- 
ested in “why” as in “how.” Of course, 
there are exceptional children; but the 
great majority of ‘‘why’s” directed at me 
turn out to be either attempts to stall the 
lesson or attempts to find out ‘‘how.”’ 
Most of us are familiar with children who, 
when asked by their mother to go to the 
store, counter with “Why?” When I have 
asked pupils for the reason why 6 divided 
by 3 is 12, they usually reply that is so 
because you have to invert the } and then 
multiply by 6. To them “how” is ‘“‘why.” 
I am not so sure but that the children are 
sensible in being more interested in “how” 
than in “why.” Of the two, “how” is of 
the more immediate importance. ‘‘Why” 
can wait. Of course, this is another way of 
saying that the teacher must use a psycho- 
logical approach rather than a logical ap- 
proach in most cases. 

In view of what the various experts tell 
us, we can try to get significance into our 
teaching in several ways. Let us constantly 
remind our pupils that mathematics is or- 
ganized common sense; and if any part of 
it does not make sense to them, they 
should ask us to help them think it 
through. We want the theorems of mathe- 
matics to make sense in their minds so that 
they will remember them well and use them 
as reasons for what they do in the solution 
of problems. It is probably best to present 
a new topic with a short, direct logical 
approach, if possible, leading the pupils 
quickly to the theorem and its application 
to simple exercises. Frequently the best 
we can do is to relate the topic to what the 
pupils already know. For example, in the 
teaching of the theorem that the product 
of numbers of the same sign is positive 
and of different sign is negative, a number 
of pupils naturally want to know why two 
negative numbers yield a positive product. 


I tell them that I shall explain the matter 
n a day or two, and for the time being, 
they are to do the work as I have told 
them. If two or three days later I am asked 
by a pupil to give an explanation, I know 
that he is alive and sincere. Whether re- 
minded or not, I explain the necessity of 
this theorem by showing with a numerical 
example that it makes the distributive law 
of multiplication hold for negative num- 
bers. I could also cite applications from 
magnetism and other branches of physics, 
but I hold with the mathematicians that 
it is best to base mathematical theorems 


on mathematics. I mention how beautiful * 


and easy the use of negative numbers 
makes the solution of problems in optics, 
electricity, and other fields of science. Of 
course, we should use applications of 
mathematics, but we should be remiss if 
we did not point out and emphasize the 
mathematics theorems involved. 

With regard to the teaching of meaning 
in mathematics, perhaps it is safe to draw 
the following conclusions: 

1. Drill is essential to skill in mathe- 
matics, but drill alone rarely results in 
complete understanding. Most people 
seem to understand whole numbers well, 
but beginning with fractions their ideas 
are apt to be vague and even illogical. 

2. While elementary and _ secondary 
mathematics teachers cannot for psycho- 
logical and educational reasons present 
their courses with complete logical rigor, 
they should continually remind. their 
pupils that mathematics is organized com- 
mon sense and should make every effort 
to make mathematics appear sensible to 
them in every particular. 

3. Children should be encouraged to 
grow mentally into the adult interest in 
the reasons underlying what we do in 
mathematics. Incidentally, the logic of 
mathematics is the logic of all reasoning 
and is the same Jogic as that used in the 
solution of problems that are not usually 
classed as mathematical. 

4. No mathematics course, even a s0- 
called practical course, should ever be 
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taught as a terminal course. The teacher 
should always feel that he is laying a 
foundation upon which another teacher or 
the pupil himself is to build. 

5. The teaching of applications in a 
mathematics course is justifiable only on 
the grounds that the application of mathe- 
matical theorems is being stressed. To 
teach applications from any other point of 
view is to encroach upon the fields of the 
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commercial, shop, and science teachers; 
and if we do that, where in school are the 
pupils going to learn any mathematics? 

6. Mathematics teachers can best serve 
those who will use mathematics in other 
fields by teaching them the theorems of 
mathematics and by making as clear to 
them as possible the logical structure of 
mathematics. 








MOVING AHEAD 
in 
ARITHMETIC 





Arithmetic for Young America 
Clark-Baldwin-Hoye-Schorling-Smith 


Important new trends in arithmetic teaching are effectively incorporated in 


this new series including 


Building meanings with the help of concrete and semi-concrete imagery 
e 


Guiding pupils in analyzing and in generalizing 


Pointing out interrelationships in the number system 


Recognizing the social significance of arithmetic 


World Book Company 


Yonkers-on-Hudson 5, New York 


2126 Prairie Avenue, Chicago 16 





Please mention the MATHEMATICS TEACHER when answering advertisements 





Mathematics in the Senior High Schools 
Differentiated According to Needs 


The Second and Third Tracks of Mathematics Courses 


By BENJAMIN BRAVERMAN 
Seward Park High School, New York City 


Tose of us who are desirous of having 
Mathematics make its maximum contribu- 
tion to the training of every boy and girl 
for intelligent and happy living will ac- 
claim the recommendation of the Commis- 
sion on Postwar Plans of The National 
Council of Teachers of Mathematics, in its 
first report* that mathematics curricula 
from now on be organized in three distinct 
series or tracks or sequences. The first 
track, which the Commission has labelled 
sequential mathematics, is intended for 
those planning to pursue further the study 
of mathematics and the pure and applied 
sciences based on it. The name sequential 
mathematics may not be the best way to 
describe this first track. For are not the 
other two tracks to be sequential too? 
Perhaps specialized mathematics might de- 
scribe this sequence better since it is in- 
tended for pupils who plan to specialize in 
mathematics. The other two tracks have 
been labelled by the Commission related 
mathematics for those planning to go into 
industry and social mathematics for the 
large number of pupils in neither of the al- 
ready mentioned two categories; that is, 
pupils interested in neither industry nor 
college; or if planning to go to college, not 
intending to pursue studies requiring the 
expert, specialized knowledge of our sub- 
ject needed by the pupils in the first cate- 
gory. These are the pupils who suffered 
most from our mathematical diet in pre- 
war times. For we either let them starve 
entirely or we gave them acute mental in- 
digestion by feeding them the wrong 
mathematical diet. 

It will be my purpose here to discuss 
rather sketchily, what has already been 


* See Toe Marnematics TEACHER for May 
1944. 


done to implement the proposed three 
tracks of mathematics courses, particu- 
larly in our local system, and what stil! 
remains to be done. I also propose to 
touch upon some of the many obstacles 
that will have to be overcome before we 
shall be able to bring about a full realiza- 
tion of the three track program. 

Since there is no ill wind that does not 
blow some of us some good, the tragedy of 
World War II has brought us some good in 
that it has supplied the impetus for the 
inauguration in our schools of the second 
track of mathematics courses, courses de- 
signed for those going into industry. The 
initial course in this track or sequence in 
our own local schools is called “Related 
Mathematics.” Recently my attention was 
called to the literature of a similar course 
in the Los Angeles system where the course 
is called Military and Industrial Mathe- 
matics. It is true that these courses were 
introduced to serve and for the duration 
do serve a definite war need—namely, 
that of giving the mathematical illiterates 
among our male school population the 
basic knowledges and skills of arithmetic, 
algebra, geometry, and trigonometry to 
enable them to carry on with some assur- 
ance of success the pre-induction war 
courses they may be assigned to while still 
in school and later the many tasks of a 
technical nature they may be assigned to 
in the Armed Forces. It is true, too, that 
tradition, vested interests, or call it what 
you will, in some school systems have 
made necessary certain compromises that 
have very definitely hindered a reasonable 
realization of the main objectives of the 
course. Thus, in our local system, it has 
been officially ruled that one term of busi- 
ness arithmetic and only one term of the 


264 








Re 
sid 
the 
are 
by 
pu 
ex] 
col 
tra 
the 
tha 
hel, 
ma 
in fF 
y 
ture 
mat 
thor 
toni 
fact 
pup 
trail 
cone 
plea 
wou 
inter 
own 
that 
more 
ing h 
modi 
throu 
and | 
mucl 
gestic 
alone 
such 
such 
doing 
pupil 
for tl 
passiy 
work, 
The 
recall; 
that 1 
matie: 
we do 
the pe 
We 











at 

ve 

iat 
ble 
the 
has 
isi- 








the 


Related Mathematics course may be con- 
sidered the equivalent of a year’s study of 
the full course. But already some schools 
are using the opportunity afforded them 
by the presence of this course to direct to it 
pupils who could profit very little by an 
exposure to the traditional or specialized 
course on the same grade level in the first 
track. Also looking at this new course from 
the broad point of view of education rather 
than the war emergency, we find that it is 
helping to brighten up the gloomy mathe- 
matical picture that existed in our schools 
in pre-war times. 

What were the main outlines of that pic- 
ture? You know them as well as I. Mathe- 
matical illiterates being turned out by the 
thousands or tens of thousands; charla- 
tonic general educators gloating over this 
fact and urging that more and more of our 
pupils steer clear of any mathematical 
training; competent school people, deeply 
concerned over this situation, earnestly 
pleading for mathematical courses that 
would help meet the needs, abilities, and 
interests of the large mass of pupils; our 
own die-hard traditionalists crying out 
that mathematics cannot be taught to 
morons; our f orward-looking teachers try- 
ing hard to meet the situation by means of 
modifications of the traditional courses 
through accretions or deletions of topics 
and finding that they either had a course 
much too crowded for proper mental di- 
gestion by even the brighter pupil, let 
alone the non-academic pupil assigned to 
such modified course, or else that they had 
such an emasculated course that while 
doing very little for the non-academic 
pupil, it was providing excellent training 
for the other type of pupil in habits of 
passive, lazy, and slothful thinking and 
work, 

There is neither pleasure nor purpose in 
recalling this picture except to point out 
that we as educators first, and as mathe- 
matics teachers second, must see to it that 
we do not return to a similar situation in 
the post-war period. 

We must, therefore, hold on tenaciously 
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to the gains already made by the inaugura- 
tion of a two-track plan of mathematics 
courses as a result of the war. Spurred on 
by this start, forward-looking teachers in 
our local system, and I do not doubt that 
the same thing is true in other systems, 
have planned and have succeeded in get- 
ting the authorities to approve other 
courses that now provide three years of a 
continuous, sequential exposure in the 
second track of mathematics related to 
industry. I am also happy to say that in a 
few of our locai schools these courses cov- 
ering at least 2} years of this sequence are 
actually in operation at the present mo- 
ment. I have prepared mimeographed 
copies of the main objectives and content 
of these courses as well as of the Related 
Mathematics course, which has served and 
should continue to serve as the initial 
course for the second track. 

Even a cursory examination of these 
outlines will quickly reveal what is lacking 
in our present local set-up to fully imple- 
ment the recommendation of the Policy 
Commission for a three-track series of 
courses. We have nothing in the ninth 
year as the basic course in the third track 
of mathematics courses, mathematics re- 
lated to social and economic situations. 
For want*of such a much-needed course, 
junior high school administrators in this 
city are either going back to the doubtful 
practice of eliminating from mathematics 
study those who cannot handle the regular 
ninth year course or else are assigning 
them to business or shop arithmetic. 

I think most of us are agreed as to what 
the chief ingredients of a ninth year course 
in social mathematics should be. We all 
feel, I believe, that such a course should 
include, on the practical side, such topics 
as budgeting, insurance, installment buy- 
ing, thrift, and taxation, through which 
the pupil will learn to solve those problems 
directly affecting the welfare of himself 
and his family; on the intellectual side, 
such a course should include such topics 
as the index number, the interpretation of 
graphs, and the elements of statistics, 
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through which the pupil will learn to make 
intelligent decisions as a citizen. Finally, 
on the appreciative side such a course 

should contain such topics as the history 

and properties of our number system, in- 

direct measurement, certain of the aesthet- 

ic aspects of mathematics such as sym- 

metry, and the historical development of 

the subject, topics through which the 

pupil will acquire a respect for mathe- 

matics because of its important contribu- 

tions to the progress of civilization and a 

tolerant attitude toward other races and 

peoples because of their varied contribu- 
tions to its development. How different 

such a course sounds from the traditional 

course or from such substitutes as business 
arithmetic that we have been feeding our 
pupils in the third category. 

The question must have arisen in your 
minds by now as to when the three-track 
plan is to begin to operate. I hope I have 
not been misunderstood as advocating the 
three-track plan as late as the beginning 
of the ninth year. I am sure that we all 
agree that these three distinct tracks should 
begin to operate at that point in our school 
organization when it becomes evident 
through our knowledge of the pupils’ 
needs, interests, and abilities that one 
track rather than another will provide a 
pupil with the most effective educational 
experiences. 

I mention this now because I should like 
to say a few words with regard to the in- 
structional material and methodology 
that must be employed to make our teach- 
ing effective in these second and third 
tracks. Not that these points do not apply 
just as well to effective teaching in the 
first track, but failure to observe the 
points in the first track may not be ac- 
companied by such disastrous conse- 
quences as such failure in the second and 
third tracks. 

First, the problem material used must 
sell itself to the pupil because of its vital 
connection with life situations that al- 

ready are part of the pupil’s experiences or 
soon will be. The large number of formal 
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examples designed to establish mathemati- 
cal skills for their own sake, so typical of 
the teaching of traditional mathematics in 
the past, must give way in the second and 
third tracks to examples clothed in con- 
crete practical terms that will appeal to 
the craving of the young adolescent for the 
useful. Perhaps one or two illustrations 
will make this point clearer. Thus the ex- 
ample: Change 83/154 to a decimal fraction 
to the nearest thousandth, should give way 
to the example: At the close of the 1944 
baseball season, the New York Yankees had 
won 83 games out of the 154 games played. 
What was its standing? It is assumed, of 
course, that the word standing has been 
previously explained by the teacher. Also, 
the example: Draw an angle of 160° with 
your protractor, should give way to the ex- 
ample: A destroyer sights an enemy sub- 
marine bearing 160° from the position of th: 
destroyer. If D ts the position of the destroyer 
at the time of observation, draw a line repre- 
senting the direction of the submarine. Here 
again, it is assumed that the teacher has 
informed his pupils of the two arbitrary 
conventions used in navigation for deter- 
mining an angle. 
Not only must we make the problem 
situation vital in the second and third 
tracks, but we must exploit such situation 
to the fullest degree in obtaining for the 
pupil a maximum of worthwhile educa- 
tional experiences. Let me make myself 
clear by giving two illustrations. Thus, in- 
stead of telling a pupil that a room meas- 
ures 15 ft. by 22 ft., and then asking him 
to draw it to a scale of 3” =1 ft., we should 
give him a mechanic’s rule, ask him to 
make the necessary measurements of the 
room he is sitting in himself, and then 
have him select an appropriate scale that 
will enakle him to draw a floor plan of the 
room in a convenient size on an ordinary 
sheet of paper. Or instead of giving the 
pupil the traditional problem of finding the 
area of a circle given its radius, we should 
bring a small length of pipe to the class- 
room, show him what we mean by the 
term cross-section, and then have him 
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make the necessary measurements to en- 
able him to find the area of the cross-sec- 


tion of the pipe. By this procedure, we - 


would be utilizing our subject not only to 
develop mathematical concepts and com- 
putational skill, but also to train the pupil 
in the equally important skills of making 
accurate measurements and drawings. I 
know that there are some traditionalists 
among us who claim that these desirable 
goals are not the concern of teachers of 
mathematics, that they properly belong to 
shop and drawing teachers. But those who 
look upon our work primarily as trainers 
of youth will think otherwise. 

Finally, in these second and third tracks, 
there must be a determined effort to teach 
concept and understanding. It is impor- 
tant to do this, of course, in the first 
track too. But the type of pupil who is ex- 
posed to the first track may learn the con- 
cept in spite of faulty teaching. Not so 
with the pupils in the second and third 
tracks. Questionable  algorisms, _ pro- 
cedures, short cuts, which have grown up 
over these years because of our mistaken 
idea that memory rather than understand- 
ing is at the basis of all effective learning 
must go by the board. 

What now are some of these pedagogic 
barnacles that will have to be discarded? 
Well, one that I have no hesitation at all 
in recommending for such discard is the 
algorism for the addition or subtraction of 
common fractions, the so-called step lad- 
der form. You are all familiar with it, the 
one where the lowest common denomina- 
tor is written once above a horizontal line 
at the top of the solution and only the 
humerators of the equivalent fractions are 
written below. 

A questionable procedure that should be 
abandoned is the mechanical process for 
the extraction of square root. And of the 
short cuts that we would be better off 
without are the mechanical rule for the 
subtraction of signed numbers and the 
transposition of terms in the solution of an 
equation. 

Finally, we must not be too impatient to 
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introduce desirable short cuts before the 
pupil has mastered the fundamental con- 
cept and is ready for it. Thus, I should 
like to see pupils who have difficulty in 
mastering the concepts of area and of vol- 
ume, spend perhaps an entire term or an 
entire year, obtaining areas of various fig- 
ures by actually counting squares and ob- 
taining volumes of various figures by actu- 
ally counting cubes before we give them 
any of the rules for obtaining areas or vol- 
umes indirectly. Such an approach may 
prevent us from covering so much ground 
as we have in the past, but we would have 
the satisfaction of knowing that such 
pupils understand these important con- 
cepts. 

Before concluding, I should like to say 
something about some of the obstacles 
that stand in the way of realizing the three 
track plan of mathematical instruction. 
There are two main difficulties, as I see it. 
Once was touched upon by the Policy 
Commission in its preliminary report when 
it said that the second and third tracks 
must be presented without stigmatizing 
any group of pupils. The other difficulty is 
the difficulty attending any pioneer effort. 

Several conditions will have to be reme- 
died to remove the stigma from the pupils 
in the second and third tracks. For one 
thing, the colleges or those in the colleges 
responsible for admission requirements 
will have to realize that a pupil interested 
in such professions as journalism, law, ac- 
counting, or the ministry, does not neces- 
sarily need the first track of mathematics 
courses for successful study for any of the 
professions mentioned. As a matter of 
fact, the third track would be a much 
more desirable track for many pupils 
choosing these professions. Even a pupil 
who has been exposed to the second track 
and then decides to go to a technical school 
should not be denied admission. For if such 
a pupil has missed some of the manipula- 
tive and theoretical parts of traditional 
mathematics, he has more than com- 
pensated for his omissions by a_ better 
understanding of what he has been taught. 
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It should, therefore, not be very difficult 
for such a pupil, because of his ambition, 
to make up in the technical school the 
topics that he missed in the secondary 
school because of his exposure to the 
second track. 

Then too in our local schools at least, 
the courses in the second and third tracks 
must be placed on an equality with the 
traditional courses in so far as credit for 
the award of the academic diploma is con- 
cerned. The traditional courses have, as 
you know, extramural examinations, the 
Regents examinations. In our local schools 
certain credits must be earned by the 
pupil as a result of passing these extra- 
mural examinations before he can be 
awarded the academic diploma. Far be it 
from me to urge similar extramural ex- 
aminations in the courses of the second 
and third tracks. But I do believe that we 
should be thinking of the desirability of 
instituting local examinations in these 
tracks which would carry the same 
credits for the award of the academic di- 
ploma as the present Regents examina- 
tions in the first track. 

Finally, much publicity will have to be 
done with administrators guidance coun- 
sellors, and parents to acquaint them with 
the objectives and content of the courses 
in the second and third tracks. Having 
been exposed themselves to the traditional 
mathematics of the first track, it is but 
natural for many of them to view with 
suspicion and lack of sympathy the 
courses in the second and third tracks 
about which they know little or nothing. 
Parents in particular are inclined to regard 
the courses in the second and third tracks 
as definitely inferior to the traditional 
courses. A good deal of the right kind of 
propaganda on our part will, therefore, be 
necessary to change this prejudice on the 
part of parents and guidance people. 

But there is another and even greater 
obstacle in implementing the three track 
plan. Teachers who have the desire and 
ability to develop the courses in the second 
and third tracks require much time and 
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this is not recognized. It is thought that a 













academic calm to do so. Unfortunately, in 
a large system like that of New York City, 






teacher’s day is at least 48 hours, so that 
after six hours of trying and exhaustive 



































work in actual classroom duties, the I 
teacher can devote another few hours to yea 
the labor of preparing the syllabi and con- cau 
tent material of new courses of study. Per- sec 
haps in some of the smaller systems there tole 
is a more humane attitude toward teachers. ecce 
Finally, even if teachers do find the igne 
time and energy, somehow, to develop ridi 
these courses, there is this other great ob- not 
stacle. How can the instructional material in t 
they develop be made available to the tion 
pupil? Publishing concerns are not willing J} Tela 
to take the economic risk connected with mat 
publishing something different from the ther 
traditional. One cannot blame them for lum 
this attitude. School systems, on the other in m 
hand, are not inclined to undertake the the 
printing of instructional material for new W 
courses because they do not want to enter § the 
into competition with commercial pub- § matl 
lishing concerns. And so, between the It m 
Seylla of economic risk and the Charybdis § tain 
of no competition between school systems ff held 
and publishing concerns, little or no § temp 
progress can be made. This is a serious § ‘tran 
situation and requires the attention of a § the g 
national body like our National Council. § Wer 
Perhaps one solution would be to get some § math 
educational foundation like the Carnegie § best | 
or Rockefeller foundations to contribute J ¢atio 
the necessary funds to carry on a worth- § & to 
while project like the implementation of a § of lit 
three-track sequence in mathematics in J Math 
the schools. & pros 
By what means or how soon the ob- Let 
stacles I have mentioned will be removed, § First 
it is difficult to say. But we may express § War 1 
the hope that these obstacles will be solved Teach 
and solved in the near future; because we § °urse 
shall neither have happy pupils nor hap- § Years. 
py teachers; neither shall we achieve func- f Viding 
tional competence in mathematics unless tained 
we develop effective second and _ third § “onal 
tracks in mathematics, as well as an ef- * Se 
fective first track. 1944, 














How times have changed! A number of 
years ago, the educator who espoused the 
cause of increased mathematical study for 
secondary school pupils would have been 
tolerated in some quarters, considered 
eccentric in others, but would have been 
ignored completely or not too quietly 
ridiculed in most educational circles. Now, 
not only are schoolmen deeply interested 
in the extension of mathematical educa- 
tion, but their concern is not limited to 
related mathematics or to social mathe- 
matics. It has been rediscovered that 
there is a place in the high school curricu- 
lum for the traditional sequential courses 
in mathematics, a place of importance in 
the world of tomorrow. 

We shall not dwell upon the reasons for 
the increase which has taken place in 
mathematical study. They are well known. 
It must be our purpose now to make cer- 
tain that these gains are consolidated and 
held against the attack which will be at- 
tempted by general educators who are 
strangely silent at present. We must raise 
the general level of mathematical literacy. 
We must insure functional competency in 
mathematics. Primarily, however, we can 
best prepare ourselves for the coming edu- 
cational battles by unifying our concepts 
as to what constitutes an acceptable level 
of literacy and functional competence in 
mathematics and by implementing such 
& program. 

Let us define the field. According to the 
First Report of the Commission on Post- 
war Plans of the National Council of 
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trigonometry. We should not confine these 
courses to those students who will enter 
the technological professions. It is a mis- 
take to exclude from these courses pupils 
who want to obtain worthwhile basic dis- 
ciplines in analysis, scientific method, and 
rigorous thinking, all of which are vital 
to the good lawyer, doctor, economist, or 
business administrator. In recent years, 
most non-technological professions have 
undergone change because of the introduc- 
tion and extension of mathematical treat- 
ment of their fields. Let us rather apply 
the general principle; namely, “that any 
course be open to any youngster who can 
continue to show that it is profitable to 
him.” In making the recommendations, 
we shall follow the suggestion in the ‘First 
Report” that the sequential courses can 
be greatly improved by changes in each 
of the three factors involved: the pupil, 
the material, and the teacher. 

The pupils who will take this traditional 
sequence in mathematics need to be se- 
lected carefully. We do not mean to imply 
that such segregating processes be con- 
ducted on a basis of separating the wheat 
from the chaff. We must not make the 
mistake of classifying these youngsters as 
superior to, or in any way better than, 
those who will take the courses on other 
tracks. It is completely democratic to 
realize that all kinds of mentalities com- 
pose the human race. None of us is better 
than his fellows, but we must recognize 
that we are all differently constituted, 
motivated, activated, and satisfied. We 
should endeavor to remove that peculiar 
dignity which attaches itself to an ability 
to master academic processes. We must 
give both child and parent the feeling that 
we are trying to match the peg to the hole. 

For years, our elementary schools and 
junior high schools have been priding them- 
selves—and telling the world, too—that 
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they keep complete records of their chil- 
dren. Reading tests, general intelligence 
tests, anecdotal records, guidance inter- 
views, records of class and extraclass activ- 
ities, home visitations, all these and others 
should furnish a complete inventory of 
the child’s abilities and inclinations. We 
cannot but feel that the cumulative record 
of eight or nine years can indicate the pat- 
tern of the pupil’s further education. We 
submit that high school guidance has not 
fully availed itself of those existing ac- 
counts. Instead, one section of the record, 
say the I.Q. and the subject grades, or 
any other combination, but not the en- 
tire record, has become the determining 
factor in deciding the nature of the 
youngster’s high school educational level. 
We have. created a vocational pupil, a 
non-academically minded pupil, a slow 
pupil, but in most cases, a maladjusted 
pupil. All our further efforts in the direc- 
tion have not compensated for the initial 
maladjustment. 

To take this record as a final basis for 
judgment is poor mathematical procedure. 
We need verification. For checking pur- 
poses then, a series of tests, interviews, 
consultations, call them what you will, 
should be instituted before the pupil’s 
future educational path is indicated. 
Properly, that is the function of guidance 
men and testing experts acting in con- 
junction. We must assume that such a 
series can be devised which will make for 
a reliable predictability quotient. How- 
ever, to bring into our thinking the idea 
that at least a better means of prognosti- 
cation can be determined requires no great 
stretch of the imagination. 

We cannot hope to predict with scien- 
tific accuracy. We must expect that in 
some cases, the record will paint a dis- 
torted picture of the child’s abilities, inter- 
ests, and attitudes. Provision for switching 
from one track to another must therefore 
be made. We must be ready to admit mis- 
takes and to rectify them as soon as possi- 
ble. We must include among our failures 
not only the actual failures but also those 


THE MATHEMATICS TEACHER 


who have failed to live up to their capa- 
bilities. Care must be taken to distinguish 
between a merely satisfactory minimum 
achievement on one level and a larger 
measure of success on another. The attain- 
ment of a passing grade should not be con- 
strued as denoting success if the pupil is 
capable of doing superior work along other 
lines. Isn’t it the aim of public education 
“to promote the general welfare by en- 
couraging and developing in each indi- 
vidual his best personal and social com- 
petence?”’ 

Substantial changes should be made in 
the material of the traditional sequence in 
mathematics. For a long time, the argu- 
ment has been put forth that the secondary 
school can increase the effectiveness of 
mathematical instruction by the introduc- 
tion of illustrative materials and practical 
problems. We must recognize that such 
practical applications require a technical 
setting, i.e., some technical apparatus but 
not necessarily a technical background. 
Without this equipment, without the op- 
portunity to see mathematics at work, our 
pupils have been subjected to practical 


problems which not only remain academic 


to them, but in many cases defeat their 
own purpose by being anything but prac- 
tical or scientific. Thus, in 
known textbooks, it was found that the 
authors thought that an automobile radi- 
ator had a capacity of 20 gallons; that an 
ordinary dry cell could develop 40 
amperes in a problem; that an oar in an 
oarlock of a rowboat was a first class lever 
(without appreciating the fact that the 
water, not the oarlock, was the fulcrum); 
that a surveyor never bothered with the 
height of his instrument; that the dividend 
from stocks was determined by taking a 
per cent of the cost; that it was not neces- 
sary to refer to the molecular weights or to 
the chemical equations in giving a prob- 
lem about chemical reaction; and that it 
was quite an ordinary practice to measure 
the height of a tree when the angle of ele- 
vation of the sun was 3°. Are not such s0- 
called practical problems ridiculous? Still 
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most textbooks contain some applications 
which are far removed from reality. 

How much better it would be were we 
to teach direct variation by a mathemati- 
cal treatment of the data obtained by per- 
forming a simple experiment in Hooke’s 
Law! How much more meaningful would 
learning become for the student who sees 
inverse variation at work in a demonstra- 
tion of belted pulley speeds in the shop, 
or With a simple lever system! An angle of 
elevation would be something less ab- 
stract to the boy or girl who used, say, a 
hypsometer to find one. The sine curve 
would assume its proper importance in our 
teaching were we to produce it by a simple 
motion or were we to correlate its charac- 
teristics with the teaching of the alternat- 
ing current in the physics class. 

That word “correlate” should stir pleas- 
ant memories and at the same time bring 
to mind its partner, “integrate.’’ There are 
many reasons to which we can attribute 
our failure to realize fully the aims im- 
plied in those two words. We, in the field 
of mathematics are guilty of having main- 
tained an attitude of high-and-mighty 
with respect to contributions 
which other fields may have had to offer. 
We have considered mathematics as _ the 
important subject in education instead of 
an important area. We have been hesitant 
in descending—descending, mind you—to 
the level of the practical, preferring to keep 
mathematics on an academic plane. We 
have continued to include in our syllabi 
material which has long ceased to provide 
any meaningful or useful experiences for 
our pupils. Honestly now, do we really be- 
lieve that a pupil is vitally affected by the 
discovery that 8 years ago, his father was 
10 times as old as he was, or that a purse 
contains 18 nickels and 23 dimes? 

Administration, including supervision 
here, has not shown the willingness and the 
courage needed to make changes. There 
has been a “do-the-best-you-can-under- 
the-cireumstances attitude” with weak at- 
tempts to remedy those circumstances. 
Some two years ago, a bulletin of the New 
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York State Department of Education 
said, “‘As to war problems, the department 
is not yet ready to recommend a wholesale 
injection of such material into our courses. 
We should be very sure that we do not get 
into an amateurish and futile dabbling 
with all sorts of technical material.’’ One 
‘annot deny that a “‘wholesale injection”’ 
of such material will create a dispropor- 
tionate emphasis on applications and may 
cause a sacrifice of attention to funda- 
mentals. One must decry, however, the ex- 
treme caution expressed by the depart- 
ment. How are we ever going to “‘be very 
sure” about things without getting to work 
on the problem? 

Criticism is too easy! We all know that 
there are many things in our present. set- 
up which need modification. Let us pro- 
ceed to the business of making recom- 
mendations. In an article entitled, ‘‘Post- 
war Secondary School Education,” which 
appeared in the January 1945 issue of High 
Points, I suggested a reorganization of the 
secondary school schedule which, by re- 
moving the “Carnegie Unit,’’ would pro- 
vide for a prescribed three-year sequence 
in mathematics for every pupil. At the 
same time it would provide for required 
sequences in other subject areas. With 
such a plan, the pupil’s program would be 
more regular and definite. We could be 
more certain of maintaining our hold on 
the student for at least three consecutive 
years. Not only could continuity of learn- 
ing and integration become attainable, but 
also correlation would increase to be a 
meaningless term. Cooperation in_hori- 
zontal planning to the end that materials 
and procedures in any given time unit of 
instruction mutually comple- 
mentary, should be the concern of super- 
visors of all departments of instruction. 
Although complete correlation may not be 
realized, no one will deny that it is possible 
to devise units, common to more than one 
department, which would receive varying 
treatments. It must be understood that 
one core curriculum is not being suggested 
here but rather many such themes or cen- 
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ters of interest or emphasis. For example, 
on a given day, the same topic might be 
studied in both the mathematics and the 
art classes, or on another day, the mathe- 
matics and science departments would 
plan their instruction together; on still 
another day, the same scheme would find 
the mathematics and shop teachers par- 
ticipating. The number of “correlation 
days” per week, or per term, would de- 
pend upon the number of such units it 
would be feasible to attempt. We do not 
plan to change our teaching except in this 
direction. Formal instruction would still 
be given, in fact, the methodology need 
not be changed on this account. However, 
the task of devising such units requires 
the combined efforts of many supervisors. 

The successful introduction of such a 
proposition requires that we establish also 
a set of corollaries. It would be advisable 
that mathematics and science be scheduled 
in consecutive periods so that double 
periods in both mathematics and science 
could be arranged more easily when de- 
sirable. Also, it may be necessary to alter 
the physical characteristics of the mathe- 
matics classroom. A demonstration table 
in addition to various demonstration de- 
vices, equipment, and instruments, all 
need to become part of the specialized 
mathematics room. Furthermore, the 
course of study should include some pro- 
vision for the pupil to use his hands in 
some sort of handicraft, call it “math- 
craft” if you will, such as drawing, design- 
ing models, making models, or other 
manual arts. Realities should be brought 
home to the pupil. 

Vertically, also, changes should be made 
in the materials of mathematics instruc- 
tion. Because the proposed pupil schedule 
guarantees that we will have the pupil for 
at least three consecutive years, we can 
now construct a three-year course of 
study, rather than retain the three one- 
year courses. Much of the present overlap 
of courses could be eliminated and greater 
continuity could be achieved. Such a 
three-year unit must break down the com- 
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partmental sections which still exist. The 
total unit should consist of arithmetic, 
algebra, intuitive and mensurational plane 
and solid geometry, graphic represent:- 
tion, direct and indirect measurement in- 
cluding trigonometry, scale drawing, map 
making, consumer education, etc. to the 
almost total exclusion of demonstrative 
geometry and the more theoretical aspects 
of mathematics. Only fundamentals should 
be taken and these should emphasize ap- 
plications to problems in the correspond- 
ing science and other concurrent courses, 
and to real problems occurring in the pro- 
fessions or in industry. A wealth of such 
problems could be obtained through inves- 
tigation of the industries themselves or 
through governmental agencies. It is not 
intended that the course be popularized 
or toned down but, in general, the material 
to be included would have to stand a prag- 
matic test. We should teach material not 
for what we consider the beauty of the 
theory or for the reason that we have al- 
ways taught it, but primarily for the use 
to which this material can be put. We must 
be able to show the pupil that the study of 
mathematics will bring him if not im- 
mediate value, then benefits which will 
not be postponed too long. 

These courses of study in the pre-senior 
years can be so differentiated that a mini- 
mum of educational waste resulting from 
failure should be realized. On the three 
proposed tracks, differentiation should be 
in the directions of content and time allot- 
ment. The traditional courses should con- 
tain both a greater number and a larger 
ratio of scientific and technical applica- 
tions with correspondingly less time al- 
lowed for the completion of each topic. Al- 
though some demonstrative aspects of 
mathematics should be covered, they 
should be consigned to a place of lesser 
importance in the whole scheme. Good 
usage rather than the formal grammar of 
mathematics should produce both a de- 
sire and an ability on the part of the 
youngster to develop the habit of clear 
exact speech as a prerequisite or corequi- 
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site to preciseness of thought. Rigor and 
fundamental principles need not be con- 
sidered lost by the adoption of such con- 
tent and method. College requirements 
also need not be sacrificed. 

Many will wish to continue with a 
fourth year of mathematics. Here, work 
more theoretical in nature, or more spe- 
cialized, may be offered. Demonstrative 
geometry, logic, advanced trigonometry 
and algebra, or enginering mathematics, 
surveying, navigation, should properly be 
included. The emphasis should shift from 
practical to theoretical, from terminal to 
propaedeutic, from general to special. By 
this time, proper guidance will have indi- 
cated the direction of his future educa- 
tional life to the student, if not his pro- 
fessional life. 

Before we come to the discussion of 
teaching qualifications, we must make 
some hopeful assumptions. Teacher re- 
muneration will be such that financial 
worries of the profession will cease to exist. 
Just as a physician or an accountant is en- 
abled to devote his full time to the practice 
of his profession, so should it be made easy 
for a teacher to spend his life in educa- 
tional activity. A teacher should not have 
to write a book, or to run a camp because 
he needs the extra income. Engaging in 
extraclass activities and in self-improve- 
ment activities should be part of his 
growth in his professional life. It is how- 
ever a curious fact that certain educators 
are opposed to contemplated state or fed- 
eral legislation which would ease the bur- 
den of education in general and of the 
teacher in particular. 

The adoption of the suggested plan for 
the traditional mathematics requires that 
a great, change take place in the selection 
of teachers. Teachers need to be selected 
on a basis of variety of interests and abili- 
ties. The teacher’s background and out- 
look must be broad enough to allow him 
to apply contributions from fields other 
than his specialty to the education of the 
child. The teacher must accept some 
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means of developing a more professional 
attitude so that he can allow himself to be 
kept alive to changes that are taking place 
and adapt himself and his methods to 
these developing needs. Finally the teacher 
should be required to demonstrate a de- 
sire and ability to live with boys and girls. 

Our previous standards for teacher 
training and certification are inadequate 
for the selection of men and women who 
will teach tomorrow’s mathematics. 
Scholarship in mathematics should not be 
the determining factor. It is not too much 
to expect of the teacher of tomorrow that 
he be familiar with the applications of 
mathematics to other fields, such as the 
mechanic arts, engineering, aviation, eco- 
nomics, statistics, and even the fine arts. 
The new mathematics demands such ver- 
satility. Training for the teacher of mathe- 
matics should include special courses in 
methods of correlating mathematics with 
other subjects. The mathematics teacher 
of the future should have some training in 
a mathematical laboratory where he will 
learn how to use instruments and machines 
as well as his hands. Some steps in that 
direction have already been taken in New 
York City, although not for the mathe- ” 
matics teacher. Science licenses have been 
combined; history and economics are re- 
quired for a license to teach the social 
sciences; a supervisory position in English 
and social studies in the vocational schools 
has been created. Good, but how about the 
mathematics teacher? 

All these recommendations for the tra- 
ditional sequential mathematics of to- 
morrow have been given in more or less 
general terms. To go into detail would, in 
some instances, require a treatment of 
book length. In other cases, the sugges- 
tions hinge upon aspects of our educational 
problem which it is not within our province 
to discuss fully. However, an attempt has 
been made to indicate the direction in 
which we must use our best efforts. The 
saying goes, “Direction first, distance 
later.” 






The Rhumb Line on the Sphere 


By Mi.prep Hopkins 
Kankakee High School, Kankakee, Ill. 


PUuPILs are sometimes interested in com- 
puting and comparing the great circle and 
the rhumb line distances between two ar- 
bitrary points on the earth’s surface. 

By using the formulas of spherical trig- 
onometry, the great circle distance can be 
found. In order to derive a formula for, 
rhumb line distance, one can make use of 
spherical trigonometry formulas and of 
calculus processes. 

The rhumb line is the loxodromiec curve 
on the earth’s surface which cuts all meri- 
dians at a constant angle. This angle is de- 
termined for a particular loxodrome when 
the latitude and longitude of two points 
on the curve are known. One travels in a 
constant direction when following the path 
of this curve. For short distances, we some- 
times think of it as following the path of a 
‘straight line. Due to the curvature of the 
earth, however, we are actually tracing 
out a curve when we travel in a constant 
direction. 

In order to obtain the equation of the 
rhumb line, consider the earth as a sphere. 
Let r represent the radius of the sphere, u 
a circle of latitude, v a meridian, and @ the 
angle made by the loxodrome with two ar- 
bitrary meridians. Let u be measured from 





u 
By integration, v=tan a log, tan > +1. 


Since a is determined by the latitude 
and longitude of the departure and des- 
tination, wm, v; and Ue, v2, then 


(2) 


The distance s along the rumb line be- 
tween two arbitrary points on the sphere 
can be represented by substituting the ex- 


a ; , 
pression for F of equation (1) in 
du 


ae 
ds = rf +sin? ( ) du, 
du 


the length of an arbitrary curve on a 
sphere. 
This substitution gives, ds =r sec a du 


(3) By integration, s=ru see a+C2. 


When sec @ is expressed from equation 
(2) and substituted in (3), we get 


s=r(uy— Ue) 1+ 


Uy 
log. tan — —log. tan — 
2 2 


the north pole. Then. 

rsinudv . dv 

————- =sin u — - 
r du du 


tan a= 


Then 


v 
(1) —=tan a csc u. 
du 


Vi — v2 


ue 


Since one minute of distance along a 
great circle of the earth’s sphere repre- 
sents one nautical mile, then the circum- 
ference of the earth is 360(60) =21,600 
nautical miles. 

Since C = 2ar= 21,600, then 
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10,800 ; 
r=—- nautical miles. 


T 


10,800 


s= 


(1 — Ue) 
1 


One should keep in mind when using 
formula (4) for rhumb line distance that 
4, V; and we, ve are in radian measure and 
that w and w are measured from the north 
pole. If one wishes a formula where de- 
grees and minutes and logarithms of trigo- 
nometric functions to the base 10 can be 
used, then formula (4) becomes. 


\/ 


In solid geometry, we learn that the 
minor are of a great circle is the shortest 


(5) s = 60(u,— U2) 1+ 


180(2.303) 


distance between two points on a sphere. 
Pupils seem pleased to obtain this informa- 
tion again by means of formula (5) and the 
great circle distance formula. 

By using formula (5), we find that the 
rhumb line distance from New York to 
London via Newfoundland is less than the 
rhumb line distance direct from New York 
to London. Thus the distance along two 
or more rhumb lines, properly chosen, may 
be less than that along one rhumb line. 

By use of formula (5), we see why navi- 
gators fly a series of rhumb line chords 


1+ 


V1 — V2 


log. tan —-—] 
og. tan — — log, tan 
2 


(loxodromic arcs) approximating a great 
circle path. For short distances, the rhumb 
line distance is approximately the same as 
for the great circle distance. 

In solid geometry, we learn that a 
spherical triangle which has great circle 
ares as sides always has the sum of two 
sides greater than the third side. It is in- 


1(v — ve) 


(1 Uy *) 
Ogio tan —logio tan 
2 2 


teresting to note that this does not seem 

to hold when the three sides of the triangle 

(not spherical) are loxodromic ares. 
Formula (5) reduces to 


s=60(u— U2), 


when the two points have the same longi- 
tude. The result is the same as the great 
circle distance since, in this the 
rhumb line is a _ great passing 
through both poles of the earth’s sphere. 

Ordinarily, the rhumb line on a sphere 
is a spiral which approaches both poles as 
limits. Its total length is rr sec a, when u 
varies from 0° to 180°. 


case, 
circle 





Notice 


In the January, 1945 issue of THE MaTuHe- 
MATICS TEACHER, it was announced that the 
posters made by students for the Women’s 
Mathematics Club of Chicago had been turned 
over to the Public Relations Committee of the 
National Council of Teachers of Mathematics, 
and would be available for borrowing if the bor- 
rower guaranteed to pay the express on the 
posters. 


Since the announcement, many schools have 
used the posters for exhibits, sectional meetings, 
etc. and were delighted with them. The posters 
will again be available this year, if the express 
expenses are paid by the borrowers. Request 
should be made to the new chairman of the 
Publie Relations Committee, Miss Veryl Schult, 
Wilson Teachers College, Washington 9, D. C. 

















The Next Step in Planning for Post-War Mathematics 


By James H. Zant 
Oklahoma A. & M. College, Stillwater, Okla. 
for 


THE general response to the Commis- 
sion’s Second Report! has been amazingly 
good. Numerous letters of commendation 
have already been received by members of 
the Commission and the report has already 
been discussed critically by several sum- 
mer groups like the Institute for Teachers 
of Mathematics at Duke University. We 
hope other groups will study the report 
and submit constructive criticisms. 

The Board of Directors of the Council 
are agreed that the next job of the Com- 
mission “‘is to create, or cause to be writ- 
ten, a relatively small but effective pam- 
phlet on Mathematics to be used in the 
guidance of the junior and senior high 
school pupil. Its purpose will be to make 
clear what mathematics has to offer. The 
idea is that it be directed to the student 
but widely distributed to mathematics 
teachers, who in turn may transmit the 
pamphlet or at least the ideas, to home 
room teachers and other persons with re- 
sponsibilities for guidance.” 

At a meeting of the Commission in New 
York on July 1 and 2, which was unofficial, 
since the majority of the members could 
not come, the proposed guidance pamphlet 
was discussed. It was proposed that as a 
first step the Commission set up a list of 
topics dealing with guidance for mathe- 
matics students. Such a tentative list ap- 
pears below. This list will be further dis- 
cussed and revised at the next regular 
meeting of the Commission in October. It 
is then proposed that members of the 
Commission attempt to obtain an expres- 
sion of opinion and definite facts concern- 
ing these topics. 

This will require the cooperation and 


1 See Maruematics TEACHER, May 1945. 
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assistance of individual teachers, cit) 
study groups, workshop and summer 
school groups and any others who ar 
willing to help. It is the desire of the Com- 
mission to make this data thoroughly re- 
liable and have it actuaily answer the 
questions which arise constantly for pupils 
and teachers in the secondary school. To 
do this we will need the help of the teachers 
in these schools as well as a fresh practical! 
approach to the problem of guidance from 
the standpoint of the pupil and his future 
job. Hence this is a plea to all forward 
looking teachers of mathematics to offer 
their help, either as individuals or as 
groups, in solving this important problem. 
If you will contact the writer of this ar- 
ticle, Professor Schorling or any member 
of the Commission, your help will be gladly 
received. 

A tentative list of topics dealing with 
guidance is given below. 

1. Obtain statements from key men 
in industry, business, the Armed 
Forces, etc., showing their opinion 
of the need of mathematics for 
people under them. [These state- 
ments should include something 
of shortages observed, emergency 
training classes, etc.] 

2. Determine the mathematics needed 
by government officials and Civil 
Service employees. 

3. Determine the mathematical train- 
ing a person must have after grade 
8 in order to qualify for certain key 
professions, as, for example, the en- 
gineer, the navigator, the certified 
public accountant, the actuary, etc. 

4. Determine the mathematical know- 
edge the citizen needs to read pa- 

























aq 





pers, magazines and the simplest 
government bulletins. 


. Determine the predictive value of 


success in mathematics courses in re- 
gard to various occupations and in 
the Armed Forces. 


. Determine the mathematical know]l- 


edge needed for studying courses in 
business education and for simple 
business jobs. 


. Determine the actual demand for 


well-trained mathematicians in the 
various ramifications of modern life. 
[Distinguish between the mathe- 
matical specialist and the engineer 
or physicist who merely uses parts 
of elementary mathematics a great 
many times.] 

Determine the special types of prob- 
lems involved in guidance of mathe- 
matics students at the Junior Col- 
lege level. 

Give certain illustrations showing 
how key concepts of mathematics 
carry through and are used in many 
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different settings in life situations. 

10: Determine the use that can be made 

of girls in the field of mathematics. 

11. Make a list of questions pertaining 

to the guidance of students of math- 
ematics and show where the answers 
appear in the pamphlet. 

Other topics will probably be added as 
time goes on. Almost certainly these will 
be revised and clarified by further discus- 
sion of the Commission and criticism from 
without. The young people in our second- 
ary schools and junior colleges have a right 
to know the opportunities which will be 
available to them if they successfully com- 
plete certain courses in mathematics. They 
have a right to know the mathematical 
requirements they must meet if they ex- 
pect to enter and succeed in certain 
professions. These facts and many others 
are not available to those in charge of 
guiding our youth or even to those who 
teach the mathematics courses. The Com- 
mission hopes with your help to do some- 
thing about it. 
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Just Published 


BASIC ARITHMETICS 


By |. |. Nelson 
Book | (Grade 7) $1.25 
Book 2 (Grade 8) $1.25 


Just Published—Here is a new 1945 edition 
stressing the basic fundamentals of arith- 
metic and their application in everday life 
situations. In addition, there are numerous 
exercises for enrichment. Each step in arith- 
metic is analyzed as to its difficulties and 
each process is fully explained step-by-step 
in logical sequence. The wealth of oral and 
written practice material assures the de- 
velopment of speed and accuracy. Frequent 
Reviews, Progress Tests and Achievement 
Tests aid proficiency in all types of prob- 
lems. Complete answers are included at the 
back of each book for self-checking. 


Write for Descriptive Booklet “MT” 


NOBLE AND NOBLE, Publishers Ine. 


Please mention the MATHEMATICS TEACHER when answering advertisements 






















































New York 11, N.Y. 











@ THE ART OF TEACHING 





Mathematics and Radius of Action 


By Joun A. TIERNEY 
Plainville, Conn. 


‘HERE are several methods of solving a 2M. With center W and radius 200 draw 
radius of action problem. An interesting arcs cutting EM at A and EM extended 
exercise in high school mathematics is to at B. 

- demonstrate that the result is the same 
whichever method is used. Let us consider 
the following problem: EB=218 m.p.h. =the ground speed in 

A plane with airspeed 200 mi. per hour 
starts out on a track of 40°. If the plane has___ Using the radius of action formula which 
fuel for one hour’s flying time (plus safety can be derived as a time-rate-distance 


EA =179 m.p.h. =the ground speed out 


line 
EF j 
ing ¢ 


obtai 
EP= 
. Sir 
ES o 





trip | 
: Sin 
SFK, 


margin) and the wind is blowing 30 mi. per problem in first year algebra: 
hour from 90°, how far can the plane fly (g.s.0.) X(g.s.i.) Now, 
and still return to its base? R.A. = ee return 
(g.s.0.) +(g.s.i.) 
Meruop I (179) (218) 98 
Draw the wind vector EW and the track iS (179) + (218) ig 
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Meruop II 


Draw the wind vector EW and the track 
out ER. With center W and radius 200 
draw an are cutting ER at S. Construct 
LT the perpendicular bisector of ES and 
call its intersection with WS point K and 
with ZS point P. Through K construct a 





w E 


line parallel to EW cutting ES at F. Then 
EF is the radius of action. WK is the head- 
ing out and KE the heading back. 

Now to show that EF is the same result 
obtained by the formula in Method I let 
EP=a, PF =b, and FS=c. 

Since EWS is a one hour wind triangle 
ES or (a+b+c) is the ground speed out. 

KFE is a wind triangle for the return 
trip but is not based on one hour. 

Since triangle EWS is similar to triangle 
SFK, 

(a+b+c) 


. —- 


SF c 


WE SE 
KF | 





Now, since KF is the wind vector for the 
return trip and 
(a tb+e 
WE= re) xKF, 
c 
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the ground speed in must equal 


(a+b+ badd 
a+b ¢) EF « (= os “)(a+2), 


c c 


In other words, to change triangle EKF 
to a one hour triangle each side would have 
to be multiplied by 


(at+b+c) | 


c 


Substituting these values in the formula 


of Method I we have: 


it (gs S.0. 0.) X(B-8 $.i. ) 


(g.s.0.)+(g.s.i.) 


fat+bt+e 
(atb-+0)(~ —“\ats) 
c 


—_—_——— 4 — 


a+b+e 
(a+b+o+(“ )ia+) 








Since P is the mid-point of ES, c+b=a 


orc=a-—b. 


Substituting (a—b) for c: 


2a 
(20)( (a+?) 


(2a) +(—) a+b) 


R.A. = 
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mt 4a?(a+b) 
~ 2a(a—b)+2a(a+b) 
_ 4a*(a+b) i 
~ (2a)(2a) 





a+b. 


But a+b=EP+PF=EF, the value 
taken for the radius of action in Method 
II. 

In this problem the available flying time 
was taken as one hour; if the time is not 
one hour multiply the radius of action for 
one hour by the number of hours. 

Another method for finding the radius 
of action graphically is given below. 
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AB=the wind vector 
BD=BC =the air speed 
AD =the course out 
AC =the course back 
Draw: AE||BC; EF||AB 
Then: AD=the ground speed out 
AC =the ground speed back 
FA =the R.A. (for 1 hour) 
BD=the heading out 
BC =the heading back 
Z BDA =the wind correction angle 
It is easy to show by plane geometry 
that 
ADXAC 


~ AD+AC_ 


If the two ground speeds are known tlie 
radius of action can be found by the fol- 
lowing diagram. 

Choose any two points B and A on a 
straight line. Erect perpendiculars at these 


AF 


Dd 











3B F “ 
points and mark off AD equal to the g.s.0. 
and BC the g.s.i. Draw CA and BD. The 
perpendicular from their intersection F to 
AB is the R.A. 

The proof is left to the reader. 
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Midwood High School, Brooklyn 10, N. Y. 
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New Subscribers 


TWENTY-FIVE HUNDRED copies of this 
issue of THE MatTHEeMaAtics TEACHER are 
being mailed to prospective members of 
The National Council of Teachers of 
Mathematics whose names have been sent 
in by the various state representatives 
throughout the country. It is hoped that 
many of these people will become mem- 
bers of the Council. Now is the time for 
those of us who are interested in the im- 
provement of mathematical education to 
put in some extra work in encouraging 


teachers to join the Council. The state 
representatives are doing a fine piece of 
work, but they cannot do everything. 
All of us should do our part in trying to get 
teachers of mathematics to become active 
members by subscribing to the official 
journal and to support the work of the 
Council by buying the yearbooks. At the 
end of this issue there appears a page of 
explanation of the work that the Council 
does and a subscription blank for the use 
of prospective members. 


W. D. R. 
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o NEWS NOTES « 





A GENERAL MEETING of the Mathematical 
Association was held at King’s College, Strand, 
London, W.C.2, on THurspay, 5TH APRIL, 
1945, and Fripay, 6TH APRIL, 1945. 


Thursday, 5th April, 1945 


10:30 a.m. BusInEss:— 
(a) Joint Report of the Council and the 
Executive Committee for 1944. 


High Court of Justice having juris- 
diction in regard to charitable 
funds, and if and so far as effect 
cannot be given to such provision, 
then to some charitable object. 


The purpose of the proposed new rules is 
to support the claim of the Association 
for exemption from Income Tax. 


11:00 a.m. Presidential Address by Mr. C. O. 
TUCKEY. 
“Teachers and Examiners.” 
2:00 p.m.—4:15 p.m. Discussion on Technical 


(b) Election of Officers and the Council. 
Pror. 8. CHAPMAN, F.R.S., was proposed 
as President for 1945. 









The existing Vice-Presidents, the Treas- 
urer, Secretaries, Librarian, and the 
Editor of the Mathematical Gazette were 
proposed for re-election. 

he existing Auditor and the present 
Members of the Council were proposed for 
re-election. 





Mathematics. 


Opened by Dr. McLacuian. 
“Undergraduate and Post-Graduate Tech- 
nical Mathematics,”’ 

and Mr. H. V. Lowry, 
“‘Mathematics in Technical Colleges.’ 


’ 


(c) The following new Rules were proposed 5:00 p.m. Integrals in Infinitely Many Dimen- 
f by the Hon. Treasurer, Mr. K. 8. SNELL, omnes. , : 
and seconded by Mr. G. L. Parsons: Pror. P. J. Dantevt, Sc.D. 
In applying statistics to physical or mathe- 
{ Ru.e 32 (iv): matical sciences there is need to consider 
functions fluctuating erratically through- 
e (A) | The income and property of the out their whole range of definition. These 
J Association, whencesoever derived, functions can be distinguished by tabulat- 
shall be applied solely towards the ing either their Fourier coefficients or their 
1e promotion of the objects of the values at all rational values of the variable. 
e Association as set forth in these Development follows through Gaussian dis- 
Rules, and no portion thereof shall tributions and correlation coefficients. 
of be paid or transferred directly or Applications have been made to the Kinetic 
oil indirectly, by way of dividend, theory of gases and to almost periodic 
, bonus or otherwise howsoever by functions. Statements about ‘nearly all’ 
ise by way of profit, to the members functions or “nearly all” gases acquire a 
of the Association. meaning. : 
Provided that nothing herein 
R. shall prevent the payment, in good 


faith, of reasonable and proper re- 
muneration to any officer or ser- 


Friday, 6th April, 1945 








vant of the Association, or to any 
member of the Association in re- 
turn for any service actually ren- 


10:00 a.m. Some Mathematical Aspects of 
Punched Card Accounting Machinery and 
Methods. 









dered to the Association. 


Rute 33A: 


If upon the winding up or disso- 
lution of the Association there re- 
mains, after the satisfaction of all 
its debts and liabilities, any prop- 
erty whatsoever, the same shall 
not be paid to or distributed among 
the members of the Association, 
but shall be given or transferred to 
some other institution or institu- 
tions having objects similar to the 
objects of the Association, and 
which shall prohibit the distribu- 
tion of its or their income and 
property among its or their mem- 
bers to an extent at least as great 
as is imposed on the Association 
under or by value of Rule 32 (iv) 
hereof, such institution or institu- 
tions to be determined by the 
Members of the Association at or 
before the time of dissolution, or 
in default thereof by a Judge of the 
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Mr. R. A. FAIRTHORNE. 


Machinery using data materialised as per- 
forated or notched cards has been used 
for fifty years or so for statistical and ac- 
countancy work, and recently for scientific 
and technical computations. In the solu- 
tion of the cardinal arithmetical problems 
it displays the ingenuity common to most 
computing machines, but its characteristic 
feature is the use made of ordinal (‘‘ad- 
ministrative’) relations in the data. Or- 
dinal arithmetic is, at the moment, studied 
mainly as rule-of-thumb by filing clerks or 
as, say, Group Theory, Topology, or Com- 
binatorial Analysis by pure mathema- 
ticians. Ordinal machinery makes very 
practical application of these abstract 
studies. For instance, the numerical coding 
of data can vary from arbitrary labelling 
to the search for isomorphic groups, and 
the capacity for dealing with combined or- 
dinal and cardinal relations makes possible 
the use of “‘graphical’’ methods on data in 
purely numerical form. 
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11:00 a.m. Mathematical Models and Construc- 
tions. 

Mr. A. P. Rover, 

The making of models of solids and sur- 

faces linkages and miscellaneous apparatus. 

The construction of loci, envelopes and 

other drawings and graphs. The establish- 

ment of a “‘museum”’ of models and draw- 
ings; their use to the teacher and their value 
to the contributors. 
2:00 p.m.—4:15 p.m. Syllabuses for Examina- 
tions taken by Sixth Form Pupils. 

A discussion on the Syllabuses suggested 

by the Cambridge Advisory Committee and 

circulated to members: to be opened by 

Mr. K. S. SNELL, followed by Dr. E. A. 

MAXWELL and Mr. J. L. BRERETON. 

5:00 p.m. Statistics and the School Course. 

Dr. J. W. JENKINS. 

Elementary statistics will be presented as 

an integral part of a school course in mathe- 

matics related to social and scientific prob- 
lems. Two stages are distinguished. 

(A) An introductory stage in which meas- 

ures of location and dispersion are de- 
rived from a study of frequency dis- 
tributions, together with measures of 
association and correlation derived 
from tracing correspondences and gen- 
eral trends. 
A formal stage in which these basic 
ideas are systematised and methods 
— for use in analysing fallible 
ata. 


The Programme Committee will be glad to 
receive at once any suggestions for next year’s 
meeting. Such suggestions should be given, in 
writing, to one of the Secretaries. 

Honorary Secretaries 
G. L. Parsons, 
Merchant Taylors’ School, Sandy Lodge, 
Northwood, Middx. 
(Mrs.) E. M. WILLraMs, 
Goldsmith’s College, 
at University College, 
Nottingham. 


(B) 





The spring meeting of the Connecticut Valley 
Section of the Association of Teachers of Mathe- 
matics in New — was held on Saturday, 
April 14, 1945, at The Hote? Sheraton, Spring- 
field, Massachusetts. 


PROGRAM 
Morning Session 
10:30 “‘We Like To Teach It This Way”— 
Mrs. Helen M. Roberts, University of 
Connecticut, Storrs, Connecticut. 

“Visual Aids in Mathematics’’—Mr. Holmes 
Boynton, New Haven State Teachers Col- 
lege, New Haven, Connecticut, and Mr. 
J. Whitney Colliton, Rutgers University, 
New Brunswick, New Jersey (Permerly 
Central High School, Trenton, N. J.). 

1:00 Luncheon 


Afternoon Session 


2:30 Business Meeting 

2:45 “Mathematics Films’”—Mr. Boynton and 
Mr. Colliton, assisted by the Audio-Visual 
Aids Center of the University of Con- 
necticut. 


THE MATHEMATICS TEACHER 


Officers of the Connecticut Valley Section: 
Levines H. Somers, President, 
Pomfret School. 
EuizaBETH A. HARKNEssS, Vice-President, 
Northampton High School. 
GeoracE E. Frost, Secretary, 
Holyoke High School 
ETHELYN M. PERCIVAL, Treasurer, 
Westfield High School. 
Laura D. Sargent, Director, 
Ethel Walker School. 
Neat H. McCoy, Director, 
Smith College. 





The sixth meeting of the Men’s Mathe- 
matics Club of Chicago was held on April 20, 
1945 at the Central Y.M.C.A. at 19 S. La Salle 
St. The seventh meeting of the club was held 
at the same place on May 18, 1945. The two 
programs follow: 

At the Sixth Meeting Dr. E. P. Northrop 
of the University of Chicago spoke on the topic 
“Mathematics in Liberal Education” and Mr. 
J. A. Nyberg spoke on the topic “‘A Pre-induc- 
tion Course in Mathematics for Seniors.” 

At the Seventh Meeting Professor H. 1. 
Davis of Northwestern University spoke on thie 
tome “Computing is a Fine Art.” 

he following officers were elected for the 
1945-1946 season: 

Pror. H. T. Davis, Northwestern University, 

Evanston, Illinois. Honorary President. 
WALTER W. BarczewskI, President, Waukegan 

Township High School, Waukegan, Illinois. 
GLENN ANDERBERG, Secretary-Treasurer, Wau- 

kegan Township High School, Waukegan, 

Illinois. 

H. C. Torreyson, Recording Secretary, Lane 

Technical High School, Chicago, Illinois. 





The Committee on Teacher Education, the 
American Council on Education’s newly ap- 
pomies group charged with the responsibility 
or further implementing the work and findings 
of the Commission on Teacher Education, an- 
nounced this week the appointment of Dr. L. D. 
Haskew as its Executive Secretary. Offices for 
the committee will be located at 525 W. 120th 
St., New York 27, N. Y., where Dr. Haskew, 
who is on leave from his position as Director of 
Teacher Education at Emory University, will 
assume direction of the Committee’s program 
on April 1. 

The Committee on Teacher Education plans 
to devote its major attention to assisting sc}iool 
systems, institutions, anc organized agencies 
with problems involving the recruitment and 
education of teachers, Bra to bear upon 
those problems the experience of the Commision 
on Teacher Education and its professional staff. 
Several volumes reporting and analyzing the 
Commission’s experiences are already available, 
and additional publications are scheduled to 
oppesr this year. Those already published are: 

eachers for Our Times; Evaluation in Teacher 
Education; Teacher Education in Service; and 
The College and Teacher Education. 

Membership for the new Committee o 
Teacher Education has been drawn chiefly from 
the former Commission on Teacher Education 
Chairman is Professor E. 8. Evenden, Teachers 
College, Columbia University, and other men- 
bers are: Professor Karl W. Bigelow, also © 


Teachers College; Professor Russell M. Coope!, 


Uni 
Eng 
Pres 
Stat 
Sup 
Ral} 
Pres 


Edu 
W 


Pres: 
Se 
Vice- 
Sh 
Secre 
Tw 
Treas 
Sc 
Progr 
Oal 
Tl 
and \ 
6:30 ) 
808 Se 
Th 

is the 
Dr 

of Ma 
and a 
snswel 
Now?’ 





Dr. 
“Just 
WATICS 
article 
0 offe 
Nice gi 

The 
Mather 
Fourth 
lnstitut 
Brookly 
tlO a 





Chairm: 
Hunt 











NEWS NOTES 


University of Minnesota; Professor Mildred 
English, Georgia State College for Women; 
President Charles W. Hunt, Oneonta (N. Y.) 
State Teachers College; Dr. A. J. Stoddard, 
Superintendent of Schools, Philadelphia; Dean 
Ralph W. Tyler, University of Chicago; and 
President George F. Zook, American Council on 
Education. 





WoMEN’s MATHEMATICS CLUB OF CHICAGO 
AND VICINITY 
President, Miss Marion Ecket, Kelly High 

School. 

Vice-President, Miss Marie Grarr, South 

Shore High School. 

Secretary, Miss VirGinia TERHUNE, Proviso 

Twp. High School. 

Treasurer, Miss Eviru Levin, Englewood High 

School. 

Program Chairman, Mrs. Etsie P. JoHNson, 
Oak Park High School. 

The Annual Joint Meeting of the Men’s 
and Women’s Mathematics Clubs was held at 
6:30 p.m., Friday, March 16, 1945, at Huyler’s, 
308 South Michigan Avenue. 

The annual joint meeting of these two clubs 
isthe high spot of the year’s program. 

Dr. Mayme I, Logsdon, Associate Professor 
of Mathematics at the University of Chicago 
ind author of “A Mathematician Explains,” 
a the question: “What Shall We Do 
Now ” 





Dr. M. L. Hartung recently wrote us saying 
‘Just finished reading the March MatTHe- 
vaticS TEACHER from cover to cover. Every 
uticle has something, and several have a lot, 
to offer, Wheat oul Snader especially good. 
Nice going!’’—Editor 

The Metropolitan New York Section of The 
Mathematical Association of America held its 
fourth Annual Meeting at The Polytechnic 
lnstitute of Brooklyn, 99 Livingston Street, 
brooklyn, N. Y., on Saturday, April 21, 1945, 
at 10 A.M. 

Program 
Chairman: Professor Jewell Hughes Bushey, 
Hunter College 
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“Demonstrative Algebra’’—Professor E. R. 
Stabler, Hofstra College 
“Triangular Permutations’—Mr. John Rior- 
dan, Bell Telephone Laboratories 
“Hadamard’s Determinant Theorem’’—Pro- 
fessor John Williamson, Queens College 
“Changing Objectives in the Teaching of 
Mathematics in the Senior High School’’: 
A. “Algebra and Trigonometry”— 
Mr. Benjamin Braverman, Seward Park 
High School 
B. “Geometry’”’— 
Mr. Samuel Welkowitz, Franklin K. 
Lane High School 
Officers of the Metropolitan New York 
Section, 1944-1945: 
JEWELL HuauHes BusuHey, 
Chairman ’ 
NaTHAN Lazar, Midwood High School, Vice- 
Chairman 
Howarp E. Wau ert, New York University, 
Secretary 
Freperic H. MiLuer, Cooper Union, Treasurer 


Hunter College, 


The following letter should be of interest to 
our readers: 


Rushville, Indiana 
May 12, 1945 
THe MATHEMATICS TEACHER 
525 W. 120th St. 
New York 27, N. Y. 


Dear Sirs, 

Please find enclosed check for $2.00 for re- 
newal of my subscription. I have certainly en- 
joyed and appreciated the articles in the past 
year. 

? I was pulled partially away from my in- 
surance business three years ago to do emer- 
gency mathematics and physics teaching. I had 
been away from the classroom for fifteen years. 
Your magazine has helped me a great deal to 
get up to date. I will probably wish to continue 
my subscription after the emergency is over and 
I once more retire from active teaching. 

Sincerely, 
Dudley Campbell 














Outstanding Books 


for 


Jodays. Mathematica Courses 





ALGEBRA: A Second Course 
By R. O. Cornett 


A new approach to intermediate alge- 
bra, making the subject more interest- 
ing and understandable. /n press. 


INDUSTRIAL ALGEBRA AND 
TRIGONOMETRY 


By Wolfe, Mueller and Mullikin 


Applies mathematics to the solution of 
typical mechanical and_ engineering 


problems. $2.20 


GENERAL TRADE MATHEMATICS 
By E. P. Van Leuven 


Presents the mathematics needed in all 
the basic trades. $2.50 


MATHEMATICS ESSENTIAL TO ELEC- 
TRICITY AND RADIO 


By Cooke and Orleans 


Applies mathematics to typical prob- 
lems in electricity and radio. $2.40 


ELEMENTS OF TRIGONOMETRY 
Plane and Spherical with Applications 


By Kells, Kern, Bland and Orleans 


Simplified treatment of trigonometry 
with a variety of practical applications. 
$1.80 
MATHEMATICS OF FLIGHT 

By James Naidich 


Presents the algebra,. geometry and 


trigonometry needed for pre-flight 
training. Includes principles of aero- 
dynamics. $2.20 


MATHEMATICS FOR THE AVIATION 
TRADES 


By James Naidich 


A foundation course on mathematics of 
the airplane and its wing, aircraft ma- 
terials including bend allowance, and 


$1.80 


aircraft engine mathematics. 


THE DEVELOPMENT OF MATHE- 
MATICS 


By E. T. Bell 


Second edition. Offers new and revised 
material taking account of recent ad- 


$5.00 


vances. 


Send for copies on approval 


MCGRAW-HILL BOOK COMPANY, INC. 


330 West 42nd Street 


New York 18, N.! 





Please mention the MATHEMATICS TEACHER when answering advertisements 
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